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Mot so bai tap toan nang cao
LOP 9
PHAN I: DE BAI

. Chimg minh /7 13 s6 v6 ti.

a) Ching minh: (ac + bd)? + (ad — bc)? = (a2 + b?)(c? + d)

b) Chung minh bt ding thirc Bunhiacopxki: (ac + bd)® < (a® + b?)(c* + d?)
3. Cho x + y = 2. Tim gi4 tri nho nhét cua biéu thirc: S = X2 + y2

N

- a+b
4. a) Choa>0,b > 0. Chirng minh bat dang thirc Cauchy : - >4/ab .

s bc ca ab
b) Cho a, b, ¢ > 0. Chltng minh rang : —+F+—2a+b+c
a c
¢) Cho a, b>0 va 3a + 5b = 12. Tim gia tri 16n nhat cia tich P =ab.
.Cho a+ b= 1. Tim gi4 tri nho nhit cua biéu thic : M =a* + b,
. Cho @® + b®=2. Tim gi4 tri 16n nhét cta biéu thirc : N=a +b.

. Cho a, b, ¢ 14 c4c sb duong. Chimg minh: a® + b®+ abc > ab(a + b + ¢)

o ~N o o

. Tim lién h¢ giita cac s6 a va b biét rang: |a + b| > |a — b|

©

a) Chimg minh bét ding thuc (a+ 1)°>4a
b) Cho a, b, ¢ > 0 va abc = 1. Ching minh: (a+ 1)(b+ 1)(c+1)> 8
10. Ching minh céc bat dang thirc:

a) (a+b)’< 2(a®+b? b) (a+b+c)’>< 3(a®+b*+c?
11. Tim céc gia tri cua x sao cho:
a) |2x-3|=]1-x]| b) xX*—4x< 5 ) 2x(2x— 1)< 2x —1.

12. Tim cac sd a, b, ¢, d biét rang : a® + b?+c?+ d’ = a(b + ¢ + d)
13. Cho biéu thirc M = a® + ab + b? — 3a — 3b + 2001. Vi gié trj ndo cia a va b thi M dat gi tri
nho nhit ? Tim gia tri nho nhat do.
14. Cho biéu thire P =x? + xy + y* — 3(x +y) + 3. CMR gi4 tri nho nhit cua P bang 0.
15. Ching minh rang khong c6 gi tri ndo ciia x, y, z théa man dang thirc sau
X2 +4y? +7° - 2a+8y—62+15=0
1

16. Tim gié tri 16n nhét cta biéu thic : A=————
X" —4x+9

17. So sanh cac sb thuc sau (khong ding may tinh):

a) \7+15va7 b) V17 +/5+1va /45



18.

19.
20.

21

22.
23.

24,

25.

26.

27.

28.
29.

30.

.Cho S

9 % va 3T 0 302 va 203

Hay viét mot s hitu ti va mot sd vo ti 16n hon \/E nhung nho hon \/§

Giai phuong trinh : \/SXZ +6X+7 + \/5X2 +10x +21 =5-2x —X°.

Tim gi4 tri 16n nhét cta biéu thie A = x°y véi cac didu kién x, y > 0 va 2x + xy = 4.

= ! + ! +...+ ! +...+#.
Vv1.1998 /2.1997 JK(1998—Kk +1) J1998-1

Hay so sanh S va 2.% :
1999

Chting minh rang: Néu sb tu nhién a khong phai 1a sé chinh phuong thi x/g 1a s6 vo ti.

Cho céc s0 x va y cung dau. Chirng minh rang:

4 4 2 2
X X X
[—4+y—4j—(—2+y—2j+(—+XJ22.
y X y X y X
Chung minh rang cac s6 sau la sd vo ti:
a) »\/1+«/§
3 . Ao
b) mM+— v&im, nlacac so hitu ti, n #0.
n

C6 hai s6 v ti duong nao ma tong 13 sb hiru ti khong?

Cho cac s6 x va y khac 0. Chirng minh rang :

Cho céc sb x, y, z dwong. Chirng minh rang :

Chimg minh ring tong ctia mot sd hiru ti véi mot s6 vo ti 1a mot sb vo ti.
Chimng minh cac bat ding thic:

a) (a+hb)’< 2(a®+bd)

b) (a+b+c)*< 3(a’+hb?+c%)

0) (@r+ast....+a)’< n(a®+a’+.....+a).

Cho a® + b®*=2. Chting minh ring a+ b <2.



31. Chtng minh rang: [X] + [y] < [X + y] :

. , 1
32. Tim gia tri 16n nhat ctia bicu thoe: A=————.
X°—6x+17
T S X'y z .
33. Tim gia tri nho nhat cha: A=—+=+— vdi x,y,z>0.
y z X

34. Tim gi4 tri nho nhit cia: A =x>+Yy* biét x +y=4.
35. Tim gia tri 16n nhat ciia: A =xyz(x +y)(y +2)(z +X) v6ix,y,z>0;x+y+z=1.

36. Xét xem cac s6 a va b co the 1a s6 vo ti khong néu :

a oo
a) abvéglasovotl.

a ,
b) a+bvi - lasdhiuti (a+b#0)

c) a+b,a®vab’lasdhiuti (a+b+0)
37.Cho a, b, ¢ > 0. Chirng minh: a°® + b+ abc >ab(a + b + ¢)
a b c d

38. Cho a, b, ¢, d > 0. Ching minh: + + + >2
b+c c+d d+a a+b

39. Chtng minh rang [ZX] bang Z[X] hodc 2[X]+l

40. Cho sb nguyén duong a. Xét cac sb co dang: a + 15; a + 30; a + 45; ... ; a + 15n. Ching
minh rang trong cac s6 d6, ton tai hai s6 ma hai chir s6 dau tién 13 96.

41. Tim céc gia tri ciia x dé cac biu thurc sau c6 nghia :

1 1 1 2
A=x*-3 B=——= C=—- D=—=__ E=|x+Z+J2x
NN e SN o S L
G=3x-1—-+/Bx-3+x>+x+1

42. a) Chimg minh rang: |A +B|<|A |+ |B|.Déu “=" xay ra khi nao?

b) Tim gia tri nh6 nhat cta biéu thirc sau:

M = /X% +4X +4 +/x2 —6x +9.

¢) Giai phuong trinh: +/4X? + 20X + 25 +/x? —8X +16 = +/x2 +18x + 81
43. Giai phuong trinh: 2X* —8x —3yx* —4x-5=12.

44. Tim cac gia tri cia x dé cac bi€u thirc sau c6 nghia :

A= +x+2 B—__* C=2-1-9x Do 1
1-3x X2 -5x+6

E-— 1 G=—"_+Jx-2 H=x?—2x-3+3J1-x?

V2x +1++/x X*—4




X
45. Giai phuong trinh:

46. Tim gi4 tri nho nhét cua biéu thic : A =X +X.

47. Tim gi4 tri 16n nhat cta biéu thic : B=+/3—X +X

48.So sénh: a) a=+2++/3 va b:*/f’_/gl b) \fs—\f13+4J§ va \/3-1

c) ¥n+2—-+n+1 va Jn+1-n (n 12 s6 nguyén duong)

49. Véi gia tri ndo cua x, biéu thte sau dat gia tri nho nhat: A =1—+/1—6X+9x* +(3x —1)%.

50. Tinh : a) v4— 23 b) V11+6+2 ¢) y27-1042

d) A=+/m?+8m+16 ++/m?—8m+16 e) B=yn+2dn—1+yn-2Jn-1 (
> 1)

M = 8./41
J45 + 481 + /45— 481

52. Tim céc s6 x, y, z théa méan ding thuc: (2X —y)* +(y —2)* +«j(x +y+2)° =0

53. Tim gid tri nho nhét cua biéu thire: P = 25X% — 20X + 4 ++/25x% —30X +9 .

51. Rt gon biéu thirc:

54. Giai cac phuong trinh sau:

a) Vx> —x—-2-x-2=0 b) VX% —1+1=x? C) VX2 =X +4X>+x—-2=0

d) x —vVx*—2x*+1=1 €) VX* +4x+4 +|x—4/=0 g) VX—2++/x-3=-5
h) VX2 —2X +1++/x2 —6x+9 =1 i) VX+5+v2—-x =x?—25

K) VX +3—4Jx -1 +x+8—6x -1 =1 1) V8X +1+3X -5 =7x+4 ++/2x -2

2

2
X*Y so2.
X=Yy

55. Cho hai s thuc x va y thoa mén cac diéu kién: xy =1 va x >y. CMR:

56. Rit gon cac biéu thuc:

a) \/13+30«/2+\/9+4ﬁ b) \m+2m—1 +m—2Jm—1

c) «/2+\/§.x/2+«/2+x/§.\/2+«/2+«/2+\/§.\/2—«/2+«/2+J§ d) /227 —304/2 + 4123+ 224/
57. Chtng minh rang «/2+\F:§+%.




58. Rut gon cac biéu thic:

\/6+2(\/§+\/§+\/§)—\/6—2(\/5—\/§+ﬁ) J9-642 —/6
a)C= 7 b) D= N :
59. So sanh:

a) «/«/6+\/% va 146 b) (V1741242 va 2 +1 ¢) Y\/28-1643 va <32
60. Cho biéu thuc: A= \/x —IX*—4x +4

a) Tim tap xac dinh cua biéu thirc A.

b) Rut gon biéu thic A.
61. Rat gon cac biéu thirc sau:

~ ~ \/§+\/11+6\/§—\/’5+2\/§
a) \11-2410 b) \9-2414 c) N TN AN TN

62.Choa+b+c=0;a,b, c#0. Chung minh dfmg thure:

1 1 1

a> b> ¢
63. Giai bit phuong trinh: X* —16X+60 <X —6.

64. Tim x sao cho: VX? =3 +3< X2,
65. Tim gia tri nho nht, gia tri 16n nhit ciia A = x* + y*, biét ring:

X2y -3)+ (Y -2*=1 (1)

1 1 1
a b c

66. Tim x dé biéu thtrc c6 nghia:

, 2
a)A:; b)B:ﬁ+«/xz—8x+8.
Jx—+/2x -1 V2x+1

L X+UX2=2X X —x?=2x
67. Cho biéu thuc: A = — )
X—AX2=2X X+x?-2x

a) Tim gia tri ciia x dé biéu thirc A c6 nghia.

b) Rat gon biéu thirc A. ¢) Tim gia trj cia x dé A <2.
68. Tim 20 chit s thap phan dau tién ctia s6: /0,9999....9 (20 chit s6 9)
69. Tim gi4 tri nho nhat, gia tri 16n nhit cia: A= | x- V2| +|y—1|véi|x|+|y|=5
70. Tim gié tri nho nhit cia A =x*+y* + z* biét ring xy + yz + zx = 1

71. Trong hai s6 : \/H-F JN+2 va 24n+1 (nla sé nguyén duong), sé nao 16n hon ?



72. Cho biéu thuc A = \[7 +43 + \/7 — 43 . Tinh gia tri cua A theo hai cach.

73. Tinh : (V2 ++/3+/5)(v2 +43 -VB)(W2 =3 +/5)(—/2 + /3 ++/5)

74. Chimg minh cac sb sau 1a s6 vo ti: x/§+\/§ X \/5—\/5 X 2\/§+3

75. Hay so sanh hai sé: a=3\/§—3 va b:2\/§_1; ﬂf2+\/§ va \/f’_é‘l

76. So sanh \/4+\/7—\j4—\/7—x/§ va s6 0.

2 +3+6+8+4
V243444

78.Cho P= \/14 ++/40 ++/56 ++/140 . Hay biéu dién P dudi dang tong cua 3 cin thirc bac hai

77. Rt gon biéu thuc: Q =

79. Tinh gié tri cua biéu thirc x* + y? biét ring: X\/l— y? + y\/1— x? =1.
80. Tim gié tri nho nhét va 16n nhit cia: A=+1—X ++/1+X .

, 2
81. Tim gia trj 16n nhat cia: M = (,\/54_%) voia,b>0vaa+b<l.

82. CMR trong céc sb 2b+C—2»\/£; 2C+d—2\/£; 2d+a—2\/E; 2a+b—2@ ch it

nhat hai s6 duong (a, b, ¢, d > 0).

83. Rt gon biéu thirc: N = /46 + 83 + 442 +18.
84.Cho X+y+z :«/xy+4fyz +/zX , trong d6 x, y, z > 0. Chimg minh x =y = z.

85. Cho ay, ay, ..., an > 0 va a1d,...a, = 1. Ching minh: (1 +a;)(1 + ay)...(1 +a,) >2".

2
86. Chtng minh : (\/5 +/b ) >2.2(@+b)\ab (a,b>0).
87. Chuing minh rﬁng néu cac doan thrflng c6 do dai a, b, ¢ 1ap dugc thanh mot tam giac thi cac

doan thfmg co do dai JE , \/B , x/E cling 1ap dugc thanh mot tam giéc.

2 2
88. Rut gon : a) A:M_\/% b) B:\i(x+2) 8x

N

x

> 2. Khi nao c6 dang thic?

a’+2

JaZ+1

89. Ching minh rang v4i moi so thuc a, ta déu co:

90. Tinh: A:\/l3+\/§+\/3—\j/§ bang hai cach.

@ VA 6,9 b) VI3 12 va V7 -6

91. So sanh: a)



2+/3 2-3
B a2 B

93. Gii phuong trinh: /X +2+3v2X -5 +y/X—2—2x -5 = 2/2.

94. Ching minh rang ta luon c6: P, = 1.3.5..(2n - l) 1
2.4.6...2n 2n+1

b2
95. Chirmg minh rang néu a, b > 0 thi a+JB<"—+,’—

As \/x—,,[4(x—1 +\/x+,\f4(x—1) (Pij
) JX2 —4(x-1) U ox-1)

avb+bJa 1
Jab  a-+b

J14 ﬁ J15 -5 1 a++a a—+a
L -2 -3 j N \/_ -2 C) [1+ \/a_+1][1_ \/__le—a (a >
0).

98. Tinh: a) \/\/3—\/3—\/29—6@ ) 2\/3+\/5—\/13+\/E.
0) (\/«/7+ﬁ —\/\/28—16\EJ.\/\/7+E.

92. Tinh; P =

Vn€Z+

96. Rut gon biéu thirc:

97. Ching minh cic dang thic sau: a) =a—-b (a,b>0;a#b)

99. So sanh : ) J3+5 va/15 b) 2415 va V12 +7
C) \/1_8+\/1_9vz‘19 d)TvaJ_J_

100. Cho hing dang thic:

atb = \/a+m i\/a—«/F

2

(a,b>0vaa’—b>0).

Ap dung két qua dé rut gon

2+3 2-3 ) J3-242  3+242
2+J2+J— Z-\2-B -2z itz

)\/2J_0+\/_ NN
210 - 22 J3-1

101. X4c dinh gia tri cac biéu thuc sau :




’y:_ T

_n‘, 2_ 2_
a)A:Xy X Lyy -1 VéiX:%(a—Flj 1(b 1) (@>1;b>1)

Xy +3x2 —14Jy? -1 a 20 b
Ja+bx +ya—-bx . 2am
b) B= i X=————,|m|<1.
) Ja+bx —+/a—bx v b(l+m2) Im| <
2x —+[x? 1

102. Cho biéu thire P(X) ==—
3XT—4x+1

a) Tim tit ca cac gia tri cia x dé P(x) x4c dinh. Rt gon P(x).

b) Chimg minh rang néu x > 1 thi P(x).P(- X) <0.

X+ 28X =2 +x+ 2+ 4x 2

i—ﬂ+1

x? X

103. Cho biéu thie A =

a) Rut gon biéu thirc A.
b) Tim cac s6 nguyén x dé biéu thirc A 1a mot sd nguyén.

104. Tim gia tri 16n nhat (néu c6) hodc gia tri nhé nhat (néu c6) clia cac biéu thirc sau:

a) V9 —x2 b) VX =X (x> 0) ) 1+2—x d) Vx-5-4

e) 1-21-3x g) V2x* —2x +5 h) 1—v-x*+2x+5 i) 2;“
X —/X +

105. Riit gon biéu thirc : A= \/X ++/2x -1 —\/X —+/2X —1, bang ba cach ?
106. Rut gon céc biéu thirc sau : a) \/5\/§+ 5\/48 —10\f7 + 4\/§
b) \/4+10+ 25 +4—10+ 245 C) \94—42/5 —\J94 + 42./5 .

107. Chémg minh cac hing déng thire véib>0;a> b

a) \/a+JBi\/a—JB:\/2(ai\/ﬁ) b) m:\/aﬂ/gzi—bi\/a—\/ﬂ

2
108. Rt gon biéu thic : A:\/x+2«/2x—4 +\jx—2«/2x—4
109. Tim x va y sao cho : ,\fx+y—2 =\/;+W—x/§

110. Chitng minh bt ding thite : a2 +b? +/c? +d? > J(a+c) +(b+d)’ .

a’ b? ¢ _a+b+c

+ + > .
b+c c+a a+b 2
112. Choa,b,c>0;a+b+c=1. Chiing minh :

111. Cho a, b, ¢ > 0. Chlrng minh :




a) va+l++b+1++c+1<35 b) Va+b++b+c+Jc+a<6 .

113. CM: \/(az +C2)(b2 +c2) +\/(a2 +d2)(b2 +d2) >(a+b)(c+d) véia,b,c,d>0.

114. Tim gi4 tri nho nhat caa: A =X +/X .

_ (x+a)(x+Db)
=

115. Tim gi4 tri nho nhét cia: A

116. Tim gia tri nho nhat, gia tri 16n nhat ciia A = 2x + 3y biét 2x? + 3y’ < 5.

117. Tim gié tri 16n nhét cia A = x + J2—X .

118. Giai phuong trinh : X —1—+/5x -1 =/3x—2
119. Giai phuong trinh : /X + 24X -1 +4/x —2x —1 =2

120. Giai phuong trinh : 3X* + 21X +18+ 24X* + 7X+7 =2

121. Giai phuong trinh : \3x? +6X +7 +5x2 +10X +14 = 4— 2X — X’
122. Chtng minh céc s6 sau 13 s6 vo ti : \/§— \/5 X 2\/§ + \/g

123. Chimng minh /X —2 +4—-x <2.
124. Chtng minh bat dang thirc sau bang phuong phép hinh hoc :

JaZ+b?A/b> +c2 >b(a+c) véia,b,c>0.
125. Chimg minh /(2 +b)(c+d) >+/ac ++/bd véia,b,c,d>0.
126. Chuing minh rﬁng néu cac doan th'flng c6 do dai a, b, c 1ap dugc thanh mdt tam giac thi cac

doan théng co do dai JE , \/B , x/E cling 1ap dugc thanh mot tam giéc.

a+b)y® a+b
127. Chémg minh ( 2) += >a\b+bya véia, b>0.

128. Chimg minh \/ a +\/ b +\/ C 2 siab,c>0.
b+c a+c a+b
129.Cho Xy1—Yy? +yy1—x? =1. Chiing minh ring x? + y? = 1.

130. Tim gia tri nh6 nhat cia A = \fx —2Ux-1 +\/X +24x -1
131. Tim GTNN, GTLN cia A=+1-X++/1+X..

132. Tim gia tri nho nhit cia A= VIX2 -|—1+\/JX2 —2X+5

133. Tim gi4 trj nho nhit cia A = V=X +4X+12 —J—-x2 +2Xx +3.

134, Tim GTNN, GTLN cita: a) A =2x +/5— X b) A= x(99 +4101- %2 )



. a b s
135. Tim GTNN cia A =x +ybiétx, y > 0théa man —+—=1 (avab la hang s6 duong).
Xy

136. Tim GTNN cua A=Xx+y)(x+z) voix,y,z>0, xyzx+y+z)=1.

X Z ZX
137. Tim GTNN cua A=—y+y—+— véix,y,z>0,x+y+z=1.
Z X Y

2 2 2

X y 2
138. Tim GTNN cua A = + + bictx,y,z>0, X +YzZ +Vzx =1.
X+Y Y+Z Z+X Y YNy

, 2
139. Tim gié tri I6n nhét cia : a) A=(¢5+JB) voia,b>0,a+b<1

b) B=(va+vb) +(va+ve) +(va+d) +(vb+ve) +(vb+vd) + (Ve +d)
vol a,b,c,d>0vaa+b+c+d=1.
140. Tim gia tri nhé nhat cia A =3"+3" véix +y=4.

141. Tim GTNN cua A = L +

c+d a+b

voi b+c>a+d; b,c>0; a,d>0.

142. Giai cac phuong trinh sau :

a) X2 —5x —2/3x +12=0 b) X2 —4x =8x -1 ) VAx+1—3x+4 =1

d) VXx—1-Vx+1=2 &) x—2Vx—1-Vx-1=1 @) Jx+v2x—1+\x—2x—1=+2
h) VX +2—4dX—2 + X+ 7—6Yx -2 =1 i) VX + X+ VI—x =1

) VL= —x =x -1 ) V2X% +8X +6 + X2 —1=2X +2

m) VX2 +6 =x—24/x* -1 N) VX+1+Xx+10 =/x+2 +/x +5

0) \/x—1+\/x+3+2\/(x—1)(x2 —3x+5) =4-2x

P) V2X +3+ /X +2 +42x +2—/x+2 =1+2Jx + 2.
Q) V2x2 —9x +4 +3¢2x —1 =/2x% + 21x 11

143, Rit gon biu thirc : A = (2\/2 ~5 +3\/2)(«/18 ~J20+ 2\/2) .
1 1 1
1+ —+—+...+—>2(/n+1-1).
2 B Jn ( )

1

1
Ve D St

144. Chirg minh rang, ¥n € Z,, ta ludn c6 :

145. Tryc cin thirc & mau :



146. Tinh

a) \/JE—\/s—«/zg—aJE b) \/6+2\/5—»\/13+\/E c) \/\/5—\/3—»\/29—1&/5
147.Cho a = »\/3—«/5.(3+ %)(JTO—JE) . Chimg minh ring a 13 s6 tu nhién,

148, Cho b= Y3222 N8+2\2
J17-122 1741242

149. Giai cac phuong trinh sau :

. b co phai 14 s ty nhién khong ?

a) (ﬁ—l)x—x+4—ﬁ:o b) (ﬁ—l)x:2(ﬁ+1)x—3ﬁ
(5—x)\/5—_x+(x—3)m_ N v
© J5—X +/x -3 =2 @) x+x~5=5

150. Tinh gia trj cta biéu thic:

M = \/\12\/3— 20| +/25+ 421 125+ 29 - \/25 - 421

1 1 1 L
— + —|— +.--+—'
V42 V2443 B+Y4 T Yn-1+4n
| 1 1 - L
152. Cho biéu thirc : P = - + BN
0 biéu thurc 5_J3 J3-Ja_ Ja—J5 2n —/2n +1

a) Rut gon P. b) P c6 phai la s6 hiru ti khong ?
1 1 1 1

+ + +...+ .
21 +1J§ 3J§ ¥ 2\/§ 43 +3J4 100+/99 +99+/100

154. Chimg minh : 1+ —— >n.

5ET

151. Rat gon: A

153. Tinh: A=

155. Cho @ =+/17 —1. Hay tinh gi4 tri ctia bidu thirc: A = (a° + 2a* — 17a° — a? + 18a — 17)%°%,

156. Chimg minh : Wa —vJa-1<+Ja—-2-vJa-3 (@@>3)

157. Chirng minh : x2—&+%>0 (x > 0)

158. Tim gid trj 16n nhit ciia S=+X—1+/y—2 ,biétx +y=4.

159. Tinh gid trj cita bidu thirc auvsia—Y3.a__1t2a  1-2
1+41+2a 1-+1-2a

160. Chting minh cac dang thirc sau :

) (4+15)(VI0 -6 )4~ 15 =2 b) V42 + 26 = V2 (V3 +1)




0) \/3—\/§(S+\/§)(\/1_0—\/§)=8 d) (N7 +48 =§(\/§+1) e) \/17—4«/9+4\/§=\/§—2

161. Chtrng minh céc bat dang thirc sau :

5+J5 5-+/5
a) V27 +6 > /A8 ) TR+ - ID<o

V2+443-1 J2-3( N3 B3 ) 1
Vil 2k [z 7 2+\/'j 75 B2>0

e) \/\E+2\fﬁ—l+\/ﬁ—2 J2-1>19 @) \/x/17+12ﬁ—ﬁ>ﬁ—1
h) (\/73+\/75+\/7) ( 3+ 5+«/_)<3 i) ‘\/§+\/§:\/§‘2_\/§<0,8

162. Chimg minh rang : 2/n+1— 23n < % <2dn-2Jn-1.Tuds suy ra:
n

1
2004 <1+ — ————— <2005
\/_ J’ 71006009
N \/E + \/5 + \/Z 3
163. T an thirc d mau : a b) ————.
ruc can thirc ¥ mau : a) 273+ J6+ 084 ) 2172

164.Cho X = 3+ */_ */_ V2 Tinh A =5x?+ 6xy + 5.

NCEN AN P 4
165. Chting minh bét dang thirc sau : 2002 + 2003 > /2002 ++/2003..

J2003 /2002

X% —3xy + Yy’

voi x=3+J§vay:3—J§.
X+y+2

166. Tinh gia trj cia biéu thuc : A =

6x -3
167. Giai phuong trinh : ———— =3+ 2/X—Xx" .

X —1=x
168. Giai bat cac pt : a)

3J3+5x =72 b)%\/lox—1421 c)\/2+2»\f2+\/§24.

169. Rut gon cac biéu thirc sau :

a)A=\/§—\/3—\/29—12\/§ b) B=vl-a+.a(@a-1) +a /aT—l




X% +5X + 6+ X/9 — x?

_X+3+24x* -9

c)C= d) D=
2X—6++/x% -9 3X = X2 + (X +2)4/9 — x?
e.t 1 o1 1
A2 7B BAa  Jadz
170. Tim GTNN va GTLN ciia biéu thire A=——__
2-3-x?
N S 2 1
171. Tim gia tri nho nhat cila A=——+4+— voi 0<x<1.
1-x X
. - -2
172. Tim GTLN ctia: @) A=X—1+y—2 biétx+y=4; b) BzJX 1+\/y
X y

173. Cho a =+/1997 —+/1996 ; b = /1998 — /1997 . So sanh a v&i b, s8 nao 16n hon ?

174. Tim GTNN, GTLN cta: a) A= _ b) B=v—X2+2X+4.
54246 —X°

175. Tim gié tri 16n nhét cia A = Xy/1—x? .
176. Tim gi4 tri 16n nhit cia A =|x—y| biét x>+ 4y’ = 1.
177. Tim GTNN, GTLN cia A = X2 + y3 biét x, y=>0 ; x% + y2 =1

178. Tim GTNN, GTLN ciia A=x/Xx +y\Jy biét x +/y =1.
179. Giai phuong trinh : \/1—X ++X* =3X +2 + (X — 2), ’X—_; =3.
X_

180. Giai phuong trinh : X2 +2X —9 =~/6+4x + 2X2 .

181.CMR, Vn € Z, . taco: ~4—t 1

> 3J§+4J§+m+(n+DJﬁ<2'

1 1 1 1
= + + +..+
J1.1999 +/2.1998 /3.1997 J1999.1

183. Cho 3 s6 x, y va \/; +./Y 14 s6 hitu ti. Ching minh rang mdi s6 \/; ; \/’? déu 1a s6 hiru ti

V32
B2

185. Rut gon biéu thirc: P = [

182.Cho A

. Hay so sanh A va 1,999.

184.Cho a= 26 : b =3+22 + 16 —442 . CMR : a, b 14 céc s hitu ti.

2+J§ _JZ—Z aa+a—J;—1
a+2Ja+1 a-1 ) Ja

186. Chitng minh : (ﬁj— ﬁjwﬁj{ﬁ-%) =4a. (@a>0:a#l)

. (@a>0;a#1)




(x+2)2 —8x
2
X_i

N

b-+ab a b a+b
188. Rit gon: | va + ; + -
e [ Ja +\/bj [\/ab +b ab-a +ab j

187. Rut gon :

(0<x<?2)

2

. 5a
189. Giai bat phuong trinh : Z(X +x? +a’ ) < ﬁ (a#0)

X" +a
1—a\E 1+a\5
190. Cho A=(1-a%):|| —F=++a || —=—+a | [+1
o2 52
a) Rut gon biéu thic A. b) Tinh gi4 tri cia A véia=09.

c) Voigidtrinaocuaathi|A|=A.

\E+\E—1+«E—\E( \E \E ]

191. Cho biéu thic: B=

+
a+Jab  2Jab (a-+ab a++ab

a) Rut gon biéu thirc B. b) Tinh gia tri cia B néu a =6+ 25 .

¢) So sanh B véi -1.

192.Cho A :(

! + ! j'{l+@J
Ja—Jab vatvaib) | ab

a) Rat gon biéu thirc A. b) Tim b biét | A | = -A.
¢) Tinh gi tri cia A khi a=5+42 ; b=2+64/2.

193. Cho biéu thuc A:(*/EJrl ‘/5_1+4J§](J§_ij

Ja-1 Ja+1 Ja
a) Rat gon biéu thirc A.
1 7 . 5 A \/6 \ .y . ” 2
b) Tim gid tri cia A néu a = . c¢) Tim gié tri cia a dé \/K>A.
2+\/§
194, Cho bidu thie A=| ¥2__1 |[a=Ja_a+va)
2 2a ) Ja+1l a-1
a) Rut gon biéu thirc A. b) Tim gia trj cia A dé A = - 4

195. Thu hién phép tinh : A=| L1284 [2=8 [ [i*a_ j1=a
1-a 1+a l1-a 1+a



2+3 . 2-3
V2442443 N2-y2-43

196. Thuc hién phép tinh : B =

197. Rt gon cac biéu thuc sau :

_M- £+£ 1 + 2 - + 1
a) A= Xy Jxy (x yj'x+y+2\/@ (x/;+\/§)3(*/; yj

vOi x=2—\/§;y:2+\/§.

5 B \/x+«/x2 —y? —\jx—«/xz —y?
V2(x-y)

C) C=M véi X:E ’l_a_ ’i : O<ax<l1
V1+x2 —x 2\\ a 1-a

(a2 +1)(b2 +1)
c?+1

_\/x+2\/E+\fx—2\/m .
T T P R

2 2
198. Ching minh : \/&ﬂfx 4+\/«/§—JX 4 /2X+4 Vvéix > 2.
X X Jx

~1+2 b_—1—ﬁ
2 T2

Vol x>y >0

voia,b,c>0 va ab+bc+ca=1

d) D:(a+b)—\/

e) E

199. Cho a= . Tinha' +b’.

200. Cho a=+/2-1

a) Viét a2 ; a® dudi dang x/ﬁ — «/m , trong do m 1a $b tu nhién.

b) Ching minh rang véi moi sé nguyén duong n, sb a" viét duoc dudi dang trén.

201. Cho biét x = /2 13 mot nghiém ciia phuong trinh x3 + ax? + bx + ¢ = 0 véi céc hé s6 hitu ti.
Tim cac nghiém con lai.

1 1 1
202. Chtrng minh 2\/5—3<—+—+...+—<2\/H—2 vOoi ne N;n>2.

23 n

203. Tim phan nguyén cua sd \/6 + \/6 +.+/6++/6 (c6 100 dau can).

204.Cho a=2++/3. Tinh a) [az] b) [a3].

205. Cho 3 s6 x, y, \/; + W 1a s6 hitu ti. Chimg minh ring mdi s6 \/;, \/y déu 1a s6 hiru ti



1+i+i+ +#<2
2 32 43 7 (n+)dn

, 1 1 1 1
207. Cho 25 soO tu nhién a; , a», a3z , ... ays thoa dk : + =9,

\/a a2 a3 Ay
Chtrng minh rang trong 25 s ty nhién d6 ton tai 2 s6 bang nhau.
2+x 2-Jx _.
Gzidx 2%
1+ x +41-x

209. Giai va bién luan v6i tham sb a ~\a.

Exix

206.CMR,Vn>1,ne N:

208. Giai phuong trinh

(1+ )=2y
210. Gidi h¢ phuong trinh [y (1+2) =2z
«/_(1 +X) = 2X

211. Ching minh ring :

/4 7 , \ I3 9
a) SO (8 + 3\/7) c6 7 chir s6 9 lién sau dau phay.

) 10 . . .
b) So (7 + 4\/§ ) c6 muoi chir s0 9 lién sau dau phay.

212. Ki hiéu a, 1 s6 nguyén gan »\/ﬁ nhit (n e N°), vidu:
V1=1=a,=1; 2=xl4=a,=1; B=zl7=a,=2; 4=2=a,=2

, 1 1 1 1
Tinh: —+—+—+...+——.
a, a, d; 1980

213. Tim phan nguyén clia cac s6 (condéucan): a) a, = \/2 + \/2+...+ 2+ J2

b) a, =\/4+\/4+...+«/4+JZ 0 a, =\/1996+\/1996+...+\/l996+\/1996

214. Tim phan nguyén ciia A véin e N: A= \/4n2 +4/16n*+8n+3

A r r 200 r 1
215. Chimg minh ring khi viét s6 x = (\E +2 ) du6i dang thap phan, ta duoc chit sb lidn
trude dau phay 1a 1, chir s6 lién sau déu phay 13 9.
i . 250
216. Tim chir so tan cung ciia phan nguyén cua (\ﬁ + \ﬁ ) .

217. Tinh tong A = [xﬁ]+[»\/ﬂ +[\/§] ++[@]

218. Tim gi4 tri 16n nhét cia A =x*8-x) véi x> 0.



219. Gidi phuong trinh : a) YxX+1+Y7-x =2 b) Yx—2++x+1=3.
220. C6 ton tai cac s hitu ti dwong a, b khong néu : a) JE+JB :\/E b) JE+JB: (‘/E.
221. Chtrng minh cac sb sau la sb vo ti :  a) % b) Q/EwL 3/2

L e s a+b+c
222. Ching minh bat dang thie Cauchy véi 3 s6 khong am : 3 > 3/abc

. a b c d . 1
223.Cho a, b, ¢, d > 0. Biét + + + <1. Chirng minh rang : abcd < — .
l+a 1+b 1+c 1+d 81

2

2 2
LS.

z

224. Chimg minh bat dang thic : =+
y° z¢ X

Vol X,y,z>0

< | X
X | N

225.Cho a :§/3+§/§ +3/3—§/§ : b=2%3 . Chiing minh rdng : a<b.
1 n

226. a) Chung minh voi moi s6 nguyén duong n, ta co : (l+ —j <3.
n

b) Chtng minh rang trong céc s6 c¢6 dang Q/H (n 12 s6 ty nhién), sd 3/5 c6 gia tri 16n nhat

227. Tim gia tri nho nhat cia A= x;IX2 +X+1+ \/X2 —-X+1.

228. Tim gié tri nho nhit cia A =x*(2 —x) biét x <4.

229. Tim gié tri 16n nhit ciia A = x2\/9—x2 .

230. Tim gi4 tri nhé nhat, gia tri 16n nhét cia A =x(x?—6) biét 0<x <3.

231. Mot miéng bia hinh vuéng c6 canh 3 dm. O mdi goc ctia hinh vudng 16n, nguoi ta cat di
mot hinh vudéng nhoé roi gép bia dé duoc mét cai hop hinh hdp chir nhat khong nép. Tinh canh
hinh vuéng nho dé thé tich ctia hop 1a 16n nhét.

232. Giai cac phuong trinh sau :

a)1+3x—-16 =3Yx+3 b) Y2—-x +x-1=1

Ix+1+3x-1=35x d) 2¥2x-1=x>+1
x* —3x —(x? —1)Jx? -4
0 i/ ( ) o 3 «/7 X —¥x -5

— =6—X
2 \3/7 X +3 x-5
h) §(x+1)? +3(x -1 +3x* -1 =1 D) Ix+1+3¥x+2+3x+3=0
k) ¥1-x* +{1+x +{1-x =3 ) Ya-—x+¢b—x=%Ya+b—2x (a, b la tham

s0)

&”/a_4+3a2b2+§/b_4
a2 +3ab+30?

233. Ratgon A=



234. Tim gia tri nho nhét cta biéu thae : A= \/XZ —X+1+ \/X2 +X+1
235. Xac dinh cac sb nguyén a, b sao cho mét trong cac nghiém ciia phuong trinh : 3x* + ax’ +
bx+12=01a l+x/§.

236. Chimg minh %3 1a 56 vé ti.
237. Lam phép tinh : a) $/l+\/§.\6/i3—2\/§ b) €/9+4»\/§.3/2—»\/§.

238. Tinh: a=3%20+14v2 +320-142 .

239. Chémg minh : 37 +5v2 + 3725 = 2.

240, Tinh - A:({‘/ﬂﬁ—{‘/zs—l&@).é/uﬂ.

241. Hay lap phuong trinh f(x) = 0 véi hé s nguyén c6 mét nghiém la: x =33 +3/9 .
1

74542

242. Tinh gia tri ciia bidu thirc : M=x>+3x — 14 véi X =37 +542 —

243. Giai cdc phuong trinh : a) X +2+325—-x =3.
b) 3¥x—9=(x-3)>+6 ) VX®+32-24x*+32=3
244. Tim GTNN ciia biéu thic : A:\/X3+2(1+xlx3 +1) +\/X3 +2(l—\/X3+l).

245. Cho cac sb duong a, b, ¢, d. Chimg minh: a+b+c+d > 4%/abcd .

246. Ruat gon: P = 8_\7_'[ 2:/_;_} [\/_+ j(\/%/__:zj_} x>0, X £ 8

247. CMR: X = {/5— 17 +3/5+ 17 1a nghiém ctia phuong trinh x° — 6x — 10 = 0.

1 q
248. Cho X = ——=— +3/4—/15 . Tinh gia tri bidu thirc y = x* - 3x + 1987.

3/4_\/]3

249. Chimg minh dang thirc : a+ \/2 +\5. ‘ \/9 ~4\5 =—3a-1.
2-Biorals —Ya? +3a

250. Chimg minh bét déng thuc : («3/\/9+4\/§ + %/2+\/§j.€/\/§— 2-21<0.

251. Rt gon cac biéu thic sau:




1
a)A_i/a_“+«/3a2b2+3/b_“ by | D 1+2§ﬁ 24
 3fa? + Yab +3o? b+8 (3/5+2)3 | 1—2_} b+8

b

c) C=

adfa —2a3b + Ya? . 3ath —3fab? | 1
a? —3ab Ya-3b 32

252.Cho M =+/X? —4a+9 +~/Xx2 —4x +8 . Tinh gié tri ciia bidu thirc M biét ring:

X2 —4x+9 X2 —4x+8=2.

253. Tim gi4 tri nho nhat cia: P = \/X2 —2ax +a’ +\/X2 —2bx+b* (a<b)

254. Chtrng minh rang, néu a, b, ¢ 1a do dai 3 canh cia mot tam giac thi :
abc>(atb-c)(b+c—-a)(c+a-h)

255. Tim gia tri ca biéu thirc | x —y | biétx + y=2vaxy=-1

256. Biéta—b= 2 +1,b—c=+/2 - 1, tim gi4 tri cta bidu thirc :

A=a’+b?+c®>—ab—bc—ca.

257. Timx, y, zbiét ring: X+Y+2Z+4=2JXx—-2+4/y—3+6:2-5.

258. Cho y = /X + 24X —1 +4/X — 24X —1 . CMR, néu 1 < x < 2 thi gi4 trj ctia y 13 mot hing

14
A

SO.
259. Phén tich thanh nhan tr: M =7X-1—-Vx*=x? +x-1 (x> 1).

260. Trong tat ca cac hinh chit nhat c6 dudng chéo bang 8 \/E , hdy tim hinh ch@t nhat c¢6 dién
tich 16n nhat.
261. Cho tam giac vudng ABC c6 cac canh goc vudng 14 a, b va canh huyén 13 ¢. Chtrng minh

S A a+b
rangtalubncd: C2 —=

2~

262. Cho cac sb duong a, b, ¢, a’, b’, ¢’. Chirng minh réng :

. .a b c
Néu +aa' ++/bb'++/cc' =/(a+b+c)@+b'+c) thl—I:F:—'.

a C
263. Giai phuong trinh : [x?—1|+|x*—4]=3.

264. Chimg minh rang gia tri cta biéu thirc C khong phu thudc vao x, y :

X+Yy (x+y)4

1
= Wj_zﬁﬁ_ oy

C=

voix>0;y>0.

Ky oy



265. Chtrng minh gia trj biéu thirc D khong phu thudc vao a:

2+\/§ ﬁ—z a a+a—\E—1
D= —
a+2Ja+1 a-1 Ja

c—@}_ 1

voia>0 ; a#l

Ja+ic a . ¢ _a+c’
Jac+c Jac-a fac

266. Cho biéu thic B = (JE n

a) Rat gon biéu thirc B.
b) Tinh gia trj cta biéu thirc B khi ¢ = 54 ; a = 24
c) Vi gia tri nao claavacdB>0;:B<0.

, 2mn 2mn 1
267. Cho biéu thuc : A= \/m+ > +\/m— 5 ,\/1+—2 voim>0;n>1
1+n 1+n n

a) Rt gon biéu thic A. b) Tim gia tri cia A véi M =+/56+ 24,5 .

¢) Tim gia tri nho nhat cta A.

268. Rat gon D = 1+X — 1-X ,’iz—l—l_x X
VI+x—V1-x 1-x2 —1+x J\ Vx X )1-x+1-X2

269. Cho P = ! - 2\/; : 1—& voix>0;x#1.
&—1 Xxj;+\/;—x—l X+1
a) Rt gon biéu thuc P. b) Tim x sao cho P <0.
2
270, Xetbidu thre y= YK q XX

X—+/X+1 J;

a) Rut gon y. Tim x dé y = 2.
b) Gia st x > 1. Chirng minh rang: y-|y|=0

¢) Tim gia tri nhé nhat cua y?



PHAN II: HUONG DAN GIAI

2
, m . m 2
1. Gia st \/7 13 56 hitu ti = /7 = — (t6i gian). Suy ra 7 =— hay 7n* =m? (1). Ding thic
n n

ndy chimg to M?:7 ma 712 sé nguyén td nénm : 7. Dat m =7k (k € Z), ta c6 m® = 49k* (2).

Tir (1) va (2) suy ra 7n® = 49k% nén n? = 7k* (3). Tur (3) ta lai c6 n® : 7 va vi 7 la sé nguyén tb
A . \ \ . A A A A m A A + 9 /e s + K A
nén n : 7. m va n cung chia hét cho 7 nén phan s6 — khong t6i gian, trai gia thiét. Vay \/7
n

khong phai 14 s6 hitu ti; do do /7 12 56 vo ti.

2. Khai trién vé trai va dat nhan tir chung, ta dwoc vé phai. Tir a) = b) vi (ad — bc)? > 0.
3.Cich 1 :Tex+y=2tacoy=2-x.Dodd: S=x*+(2-x)?=2(x—1)*+2>2.
VayminS=2 & x=y=1.

M:Ap dung bat dfmg thirc Bunhiacopxki véia=x,c=1,b=y,d=1,tacod:
X+Y)P<x2+y)(1+1) © 4<2(x*+y)=2S < S>2.=>mimS=2khix=y=1

bc .ca bc ,ab ca . ab
4. b) Ap dung bat ding thirc Cauchy cho céc cip s6 duong — Va F —Va —;—Vva —,
a

a c b C

1
A

ta lan luot co:

E+%>2‘/bc ca =2¢; be a—b>2 bC ab =2b; .« a—b>2‘lca a =2a cOng tung
a b a b a ¢ a c b ¢ b c

vé ta dugc bat dang thirc can chimg minh. Dau bang xay rakhia=b =c.

. o 3a+ 5b
¢) Vi cac s0 duong 3a va 5b, theo bat dang thirc Cauchy ta c6 : >/3a.5b

12 12
< (3a+5h)?>4.15P (viP=ab) < 12°>60P < PsE — max P = 5

Dau bang xay rakhi 3a=5b=12:2 < a=2;b = 6/5.

5.Tacob=1-a dodoM=a’+(1-a)’=3(@-%)*+% > V% .Diu“="xayrakhia=1.

Viy minM=% < a=b=%.

6.Pita=1+x=b*=2-a=2-(1+x)°=1-3x-3x*-x®<1-3x+3x*-x*=(1-x).

Suyra: b<1-x.Talaicoa=1+x,nén:a+b<1+x+1-x=2.

Véia=1,b=1thia’+b’=2vaa+b= 2.Vay max N=2khia=b=1.

7. Hiéu cta vé trai va vé phai bang (a—Db)*(a+h).

8.Vi|a+b|>0, |[a—b|>0,nén: |a+b|>|a—b| < a®+2ab+b’>a’—2ab +b?
< 4ab>0 < ab>0. Vay a va b 1a hai s6 cung dau.

9. a) Xéthiu: (a+1)-4a=a*+2a+1-4a=a’*-2a+1=(a—1)°* > 0.



b) Tacd: (a+ 1)>>4a; (b+ 1)>>4b; (c+ 1)*>4c va cac bat ding thic ndy co hai vé déu
duong, nén : [(a+ 1)(b+ 1)(c + 1)]> > 64abc = 64.1 =8% Vay (a+ 1)(b+ 1)(c + 1)>8.

10. @) Tacd: (a+b)*+ (a—h)>=2(*+b?. Do (a—h)>>0,nén (a+b)? < 2(a+b?).

b) Xét: (a+b+c)’+ (a—h)®+(a—c)*+ (b—c)’ Khai trién va rat gon, ta dugc :

3@%+b*+c%). Vay: (a+b+c)® < 3(a®+b%*+c).

= =
2X-3=x-1

2Xx-3=1-X 3x=4 X =
11. @) [2x-3|=[1-X| <:>{ {
X=2 =

N wlb~

b) X*-4x <5< x-2° <3 o [x-2|<3 o -3<x-2<3 < -1< x <5.
c) 2x(2x—1) < 2x—-1 < (2x—1)*> < 0. Nhung (2x—1)*> > 0,nénchicothé:2x—1=0
Vay: x="%.
12. Viét ding thirc da cho dudi dang : a? + b? + c? + d*—ab—ac —ad =0 (1). Nhan hai vé cua
(1) voi 4 11 dua vé dang : a® + (a— 2b)? + (a—2¢)® + (a—2d)* =0 (2). Do d6 taco :
a=a-2b=a-2c=a-2d=0.Suyra: a=b=c=d=0.
13. 2M=(a+b—-2)*+(a—1)°+ (b —1)*+2.1998 > 2.1998 = M > 1998.
a+b-2=0
Dau “ = “ xay ra khi c6 dong thoi: 1a—1=0 Viay minM=1998 < a=b=1.
b-1=0
14. Giai tuong ty bai 13.
15. Pua ding thirc di cho vé dang : (x — 1)* +4(y — 1)* + (x - 3)>+ 1 =0.
1 1 1

> = 5 s-.maxA:1<:>x=2.
X —4x+9 (x—2) +5 5 5

17. a) «/7+x/1_5<«/§+»\/1_6=3+4=7. Vay ﬁ+ 15 <7
b) W7 +5+1> 16 +/4+1=4+2+1=7=/49 > /45
) 23—2\/1_9<23—2\/1_6:23—2.4:5:\/£<\/ﬁ.

3 3 3
d) Gia sir

M>\/§©(M)Z>(M)z<:>3»\/§>2\/§<:>\/1_8>»\/1_2<:>18>12.

Bt dang thirc cudi cing dung, nén : +/ 32 > \/Zxﬁ :
V2443
2

16. A=

18. Céc s6 d6 co thé 1a 1,42 va

19. Viét lai phuong trinh dudi dang : \/B(X +1°+4+ JS(X +1)° +16 =6— (x +1)°.



Vé trai ciia phuong trinh khong nho hon 6, con vé phai khong 16n hon 6. Vay ding thic chi xay

ra khi ca hai vé déu bang 6, suy ra x = -1.

2
. a+b
viet lai dudi dang ab < (Tj (*) (& b=0).

e a+b
20. Bat dang thirc Cauchy /ab <

Ap dung bat dang thie Cauchy dudi dang (*) véi hai sé duong 2x va xy ta duoc :

(Zx + xyj2
2X.Xy < 5 =4

Diu“=“xdyrakhi: 2x=xy=4:2thclakhix=1,y=2. > maxA=2 < x=2,y=2.

1 2 1998
21. Bit ding thirc Cauchy viét lai du6i dang : —— > ——. Ap dungtacé S> 2.——

Jab ~a+b 1999

22. Ching minh nhu bai 1.

x2+y2—2xy (x—y)

23. a) 5+X—2: >0. Vay

+X .Theocaua:
X

>2 (caua). Dodo:

4 4 2 2
5oL S e o202
y X y X y X
24. a) Giast V1++2 =m (m:séhiut) = V2 =m?—1 = /2 1a 6 hitu ti (vo 1i)

3 . 3 .
b) Giast m+ — =a (a:sOhiruti) > — =a-m = \/§:n(a—m) = ﬁléséhﬁ’u
n n

ti, vo .

25. C6, chang han J2+ (5—\/5) =5

2 2
X X
26. bat —+X—a = —+y—+2 a®. D& dang chimg minh —+y—22 nén a’ > 4, do d6
y X y? x? y?
|a|>2 (1). Batdang thtic phai chimg minh twong duong véi a’-2+4>3a
o a-3a+2>0 < @-1)@-2)>0 ()

T (1) suyra a > 2hodc a < -2. Néua>2thi (2) dung. Néua< -2 thi (2) ciing ding. Bai

X

toan dugc chirng minh.



27. Bat dang thirc phai chirng minh twrong dwong voi :

X'z? +y'x* +2°x% - (xzz +YPX+ zzy)xyz .
>

X2y222 -

Cén chimg minh tir khong am, tirc [a : x322(x —y) + V*X3(y — 2) + 2°y*(z - x) > 0. (1)
Biéu thtrc khong ddi khi hoan vi vong x > y 2 z > x nén c6 thé gia sir x 1a s6 16n nhat. Xét hai
truong hop :

a) x >y >z >0.Tachz—x ¢ (1) thanh — (X -y +y — z), (1) twong duong vdi :

X2 (X —y) + yXy - 2) - Y (x—y) - Yy -2) > 0

o ZX-Y)C-y2) + Yy -2)(y* - 2°) 2 0

D@ thiy x —y >0 X —y2>0 ,y—22>0 ,yx2—2320nénbétdéngthl'rctréndﬁng.

b) x>z>y>0.Tachx—y & (1)thanhx —z+z—y, (1) twong duong voi :

XX —2) +X*Z2(z-y) - Y Xi(z-y) - Y (x—2) > 0

& 2(x—2)(C —2zy)) + X°(x2° —Y)(z - y) 2 0

D@ thay bat ding thire trén dang.

Céch khac : Bién doi bat dang thirc phai chimg minh twong duong véi :

2 2 2
(i—q +(X—lj +(£—lj +(§+X+Ej23.
y z X y z X

28. Chimg minh bang phan chimg. Gia sir tong cua sd hitu ti a v&i s6 vo ti b 1a s6 hitu ti c. Ta c6
:b=c-a.Ta théy, hiéu cua hai s6 hitu ti ¢ va a 1a s6 hiru ti, nén b 1a s hitu ti, trai véi gia thiét.
Vay ¢ phai 1a s6 vo ti.

29. a) Taco: (a+b)’+(a—hb)’=2(@*+b? = (a+b)>< 2(a*+b?.

b) Xét:(a+b+c)®+ (a—hb)?+ (a—c)’+ (b—c)’ Khai trién va rt gon ta dugc :

3@ +b?+c?). Vay: (a+b+c)* < 3(a?+b?+c?)

c) Tuong ty nhu cau b

30. Giasta+b>2 = (@a+h)’>8 < a’+b’+3aba+h)>8 < 2+3ab(a+b)>8

— ab(a+hb)>2 = ab(a+b)>a®+b> Chia hai vé cho s6 dwonga+b: ab>a’—ab +b?

= (@a—b)?’<0,voli. Vaya+b<2.

31. Cdch I: Tacé: [X] < X; [y] < ynén [X] + [y] < x+y. Suyra [X] + [y] 1a s6 nguyén
khong vugt qua x +y  (1). Theo dinh nghia phan nguyén, [X + y] 1a sb nguyén 16n nhét khong
vuot quax +y (2). Te (1)va(2)suyra: [x] +[y] < [x+y].

Cich 2 : Theo dinh nghia phan nguyén: 0< x-[x] <1; 0<y-[y] <1.

Suyra: 0< (X+y)—([x] + [y])<2. Xét hai truong hop :



- Néu o< (x+y) —([x] +[yD<1thi [x+y]=[x]+[y] @

- Néu 1

IA

x+y-(X]+[yD<2thi 0< x+y) —([x]+[y] +1<1nén

[x+y] [X] + [y] +1 (2). Trong cé hai truong hop ta déu c6 : [X] + [y] < [x+y]

32. Tacd x*—6X +17 = (x — 3)*+ 8 > 8 nén tir va miu ctia A 1a cac s duong , suy ra A > 0 do

, 1 , ,
d6 : A 1on nhat < X nhé nhit <> X — 6x + 17 nhé nht.

1
Vaymax A= — & x=3.

33. Khong dugc dung phép hoan vi vong quanh x 2>y >z > xvagiast x>y>z.
Cdch 1 : Ap dung bat dang thie Cauchy cho 3 s6 duong x, y, z :

A:§+X+E > 33 i_X_E =3
y z X y z X
Do d6 min(mmjzs@ X_Y_Z (yiyes
y z X y z X

X z X z X
Cach 2 : Ta ¢o : —+X+—=[—+XJ+(X+——XJ. Ta da co —+X22 (do x, y > 0) nén
y z x y x) z x x y X

y

2 ) X z . A , .
dé chimg minh —+ =+ — >3 ta chi can chirng minh :
y z X

_|_

>1 (1)

N <
X <

X | N

(1) < Xy +z?—yz>xz (nhan hai vé véi sb duong xz)
o xy+22-yz-x2>0 < y(x-2)-2(x-2)>0 < (X-2)(y-2)=0 (2)
(2) dng v6i gia thiét rang z 1a s6 nho nhat trong 3 s6 x, y, z, do d6 (1) dung. Tir d6 tim duogc gia

y Z

o o a . X
tri nhé nhat cia —+—+—.
y z X

34. Tacox +y=4 = X*+2xy +y*=16.Talai c6 (x — y)* >0 = x? — 2xy + y* > 0. Tr d6 suy
ra2(x* +y*)>16 = x*+y?>8. min A = 8 khi va chi khi x =y =2.

35. Ap dung bét dang thirc Cauchy cho ba s6 khong am :

1=x+y+zz3.§/@ (1)

2=(x+Y) Ty +2)+E+x) =3 YX+Y)Yy+2)(Z+X) (2

, s 2\’
Nhan timg vé ctia (1) v&i (2) (do hai vé déu khong am): 2>9.3A = A< (5)

23
max A = (5) khivachikhix=y=z=

Wl



36. a) Cothé. b, c) Khong thé.

37. Hiéu cua vé trai va vé phai bang (a — b)*(a + b).

. o 1
38. Ap dung bat dang thuc — >

> 51X, y>0:
Xy (X+y)2 VvO1 X,y
a ¢ _a2+ad+bc+c2>4(a2+ad+bc+c2) O
b+c d+a (b+c)a+d)  (a+b+c+d)?
2 2
Tuong t N d 24(b +ab+cd+;j) @
c+d a+b (@+b+c+d)
2 2 2 2
Cong (1) véi (2) a N b N Cc d 24(a +b“+c”+d +ad+5)c+ab+cd):4B
b+c c+d d+a a+b (a+b+c+d)

. 1, .
Can chimg minh B > > bat dang thuc nay tuong duong véi :

2B>1 < 2@ +b*+c?+d?°+ad+bc+ab+cd)>(a+b+c+d)?

o a+b*+c?+d*—2ac-2bd>0 < (@a—c)®+ (b—d)*>0: ding.

39. -Néu0< x-[x] <% thio< 2x-2[x] <1nén [2x] = 2[x].

-Néus< x-[X] <1thil<2x-2[x] <2 = 0<2x-(2[x] +1)<1 = [2x] =2[x] +1

40. Ta s& chirng minh ton tai cac so ty nhién m, p sao cho :

96000...00 <a+ 15p < 97000...00
%,_J %/_J

m chit s6 0 m chit s6 0
a 15 . .
Tirc 14 96 < WHO_E <97 (1). Goia+151asdcokchirsd: 10 1< a+15<10
1 a 15 a 15p 15
=5 —<—+—<1 (2). bat X, =——+——. Theo(2)tacox;<1lva — <1
TR A TR R TTIC @ ' 10
Cho n nhan lan luot cac gia tri 2, 3, 4, ..., cac gia tri cia x, ting dan, mdi lan tang khong qua 1

don vi, khi do [xn] sétrdiquacacgiatril, 2,3, ... bén mot lic nao do ta cod [Xp:| =96. Khi do

15p

96 < x, < 97 titc 14 96 < % +°7 <97. Bit ding thire (1) duge ching minh.

42. a) Do hai vé cta bét dang thirc khong 4m nén ta c6 :
|A+B| < |A|+|B| & |A+Bf< (|A|+|B])
o  A*+B?+2AB < A’+B’+2|AB| < AB < |AB| (bét ding thirc dung)
Dau “ = “ xay ra khi AB > 0.
b) Taco :M=|x+2|+|x-3|=|x+2]|+|3-x|>|x+2+3-x|=5.

Déu “ = “ xdy ra khi va chi khi (x + 2)(3 —x) >0 < -2 <x <3 (lap bang xét diu)



Vay minM=5 & -2<x<3.

c) Phuongtrinhdacho < |2x+5|+|x—4|=|x+9|=|2x+5+4—-X]|
< (2x+5)(4-%x) > 0 < -52<x<4

43. Piéu kién ton tai ciia phuong trinh : XX—4x-5>0 < {ii_l

Dit 4n phu VX2 —4X-5=y>0, tadugc: 2y’ ~3y-2=0 < (y—2)(2y + 1) =0.

45. V6 nghi¢m

46. Didu kién tdn tai cia VX 1ax>0.Dodé: A=+X +x>0 = minA=0 < x=0.

47. Pidukién:x<3.Pat fB—X =y>0,taco:y’=3-X = X=3 -y~

13 13 13 11
B=3_-yV+y=-(Yy-%)V +—< — maxB="" & y=1% < XxX= — .
Y+y=-(y-%) 75 7 S 1

48. a) Xéta®vab® Tirdosuyraa=b.

b) \/5— 13+ 43 = \/5— (23 +1) =y4— 23 =/3—1. Vay hai s6 nay bing nhau.
c) Taco: (\/n+2—»\/n+1)(x/n+2+x/n+1):l va (M—%)(M+«/ﬁ):l

Ma n+2+n+1>In+1+4n nén Jn+2 —JIn+1<Jn+1-n.
49. A=1-|1-3x|+|3x—-1F = (|3x-1]-%)Y+% > %.

Trdosuyra: minA=% < x=" hodc x=1/6
51. M =4
52. x=1;y=2;z=-3.

. 2 3
53. P=[5x-2|+]3-5x| > |5x-2+3-5x| = L minP=1 & —<x<c.

54. Can nhd cach giai mot s6 phuong trinh dang sau :

a)ﬁ:EQ{AzO (B>0) b)ﬁ:B@{iz_Zz c)ﬁ+»\/§:o©{A:O

A=B = B=0
B>0 Ao
d) |JA|l=B<<[A=B e) |Al+[B=04 " .
B=0
A=-B

a) DPua phuong trinh vé dang : \/K = \/g .
b) Pua phuong trinh vé dang : JA =B.
c) Phuong trinh c6 dang : JA+J/B=0.



d) Pua phuong trinh vé dang : JA=B.

e) Pua phuong trinh vé dang: |A |+ |B|=0

g, h, i) Phuong trinh v6 nghiém.

k) bat \/ﬂ =y >0, dua phuong trinh vé dang : |y —2 |+ |y—3 | =1 . Xét ddu vé trai.

) Pat: /8x+1=u>0;3x-5=v>0;7x+4=2>0;J2x-2=t>0.

u+v=z+t

) 2.T1‘rdésuyra:u=zt1’rcla‘1:\/8X+l=x/7x+4<:>X:3.

Ta duoc hé : ) )
u-—-v-o=z"-t

55. Cach 1 : Xeét
X2 +y2—2J2(x—y) =x?+y? —22(x—y) +2—2xy = (x =y —/2)2 > 0.

X? +y? (XZ +y2)2
cmmz:Bén&Mmmgdmmg-————2245c>7f——?—28¢;@2+¢y_8a_yyzo
X—y X—y

S CHY)Y -8 +y?-2)> 0 (X +y) —8(x2+y) +16>0 < (X* +y?—4)*>0.

Cdch 3 : Str dung bt dang thic Cauchy :

X2+y? X4yt -2xy+2xy  (x-y)P+2.1

2 22/(x—y).L (x >
X=y X=y X=y X=y X=y

(X=y)+
y).

Dau dang thirc xay rakhi X =

VoivE, BNE  GaE | E-\E
Ty YT MEeX=— e iy=—

2
62 (14_14_1) :i+i+i+2(l +i+ij:l+i+i+2(Lb+a:

P N 2 T2 T
a b c¢ a- b ¢ ab bc ca/) a~ b° ¢ abc

1 1 A e .
= — +— +— . Suy ra di€u phai ching minh.
a- b ¢

x<6
‘ >-16x+60>0 X—6)(x—10)>0
63. Pidukién: ¢ - o |GOC=I0=0 S e xs10.
X—6>0 X>6
Xx>6
Binh phuong hai vé : x?— 16X + 60 <x*— 12x + 36 <> X >6

Nghiém ciia bat phuong trinh d cho : x > 10.

64. Diéu kién x*>3. Chuyén vé : Vx* -3 <x*-3 (1)



XZix/g

x*=3=0
Pit thira chung : Vx° -3.(1-Vx*-3) <0 < & x>2
1-yx*=3<0 <D

Vay nghiém ciia bt phuong trinh : x=i\/§ ;X >2;x<-2.

65. Taco x°(C+2y°—3) +(Y*—2)°=1 < (P +y)* -4 +y) +3=-x*<0.
Dod6:A°—4A+3<0 & (A-1)(A-3)<0 < 1<A<3.

mnA=1 e x=0,khidoy=+1. maxA=3 < x=0,khidoy== /3.

66. a) h<x#1.

b) B co nghia &
—-4<x<4
16-x>>0 —4<x<4
) x<4-22 1
2x+1>0 o {(x-4’>8< o ——<x<4-22.
x> —8x+8>0 1 x24+2\2
- X>——
X>—=
67. ) A X x> —2x>0 x(x=2)>0 x>2
. a c¢6 nghia < et
s x;ti»\/XZ_zX x? #x* —2x x<0

b) A= 2x>—2x vdi didu kién trén.
0) A<2 & Vx°=2x <1 & x2-2x<1 & (x-1)%<2 & -2 <x-1<2=kq

68. Pat 0,999...99 = a. Ta s& ching minh 20 chit s6 thap phan dau tién cua \/g 1a cac chir s6
H_/

20 chit s6 9
9. Mudn véy chi cdn chimg minh a< +/a <1.Thitvaytaco:0<a<] = a(@—-1)<0 = a’
_a<0 = a’<a Tua’<a<lsuyraa<+a <1,

Vay [0,999...99 =0,999...99.
20chit 569 20chit 59

69. a) Tim gia tri 16n nhat. Ap dung |a+b|>]a|+|b]|.

A<|x|++2 +]y|+1=6++2 = maxA=6++/2 (khichinghanx=-2,y=-3)
b) Tim gia tri nho nhat. Ap dung |a—b|>|a|-|b.

A>[x[-\2 |y|-1=4-2 = minA=4- 2 (khi chinghan x =2, y = 3)

70. Taco: x*+y' > 2x%? ; vi+2* > 2y%7% ; 2+ x* > 2254 Suyra:

Xyt > AV Y+ (D)



~ . 1
Mait khac, dé dang ching minh dugc : Néua+b +c=1 thi a’+b*+c? > g .

1

Do d6 tir gia thiét suy ra : x°y* + y°2° + 2°%* > 3 ).

B

T (1), (2): minA=% ©xzy=z=i==

71.  Lam nhu bai 8c (§ 2). Thay vi so sanh Yn+vn+2va2Jn+l ta so sanh

\/n+2—\/n+1 va \/n+1—\/ﬁ. Ta co
Jni2-Jn+i<dn+i-Jn=In+Jn+2<2Jn+1.

72. Cdch 1 : Viét cac biéu thirc dudi ddu can thanh binh phuong ciia mot téng hodc mot hiéu.
Cdch 2 : Tinh A? rdi suy ra A.
73. Ap dung: (a+b)a—b)=a’— b’

74. Ta chimg minh bang phan ching.
2
. . r-—-8 _;
a) Giastrton tai s6 hiruti rma \3++5 =r = 3+215 +5=r> = /15 = Véuii
14 56 vo ti, vé phai 14 sb hitu ti, vo 1i. Vay /3 ++/5 1a 56 vé ti.
b), c) Giai tuong tu.

75. a) Gia sira > b rdi bién déi tuong duong : 3J/3=3>242-1<33>2/2+2
o (3V3) >(2V2+2) ©27>8+4+8V2 15>8/2 < 225>128. Vaya> b la ding.

b) Binh phuong hai vé 1én ri so sanh.

76. Cach 1:Dit A= 44T —J4—7 ,r5rang A>0vaAZ=2 = A= 2

Cich 2 : Dt B= JA+7T —\4—7T -2 = J2.B=18+2J7 —\/8-27 —2=0 =B =

0.

- Q_\/§+«/§+x/ﬁ+«/ﬁ+2ﬁ_(ﬁ+ﬁ+ﬁ)+ﬁ(ﬁ+\/§+ﬁ)
T 2 +\B+4 - 2+3+/4

78. Viét 40 =22.5 ;56 =22.7 ; 140 =25.7 . vay P= V2 +5+7.

79. Tir gia thiét ta co : X\/l—y2 =1-y+/1-x* . Binh phuong hai vé cia ding thirc nay ta

:1+\/§.

duoc: y=+1-Xx*.Tirdo: x> +y*=1.

80. Xét A°désuyra:2<A’<4. Viy:min A= «/5 < x=*1; maxA=2 & x=0.



81. Tacod: Mz(\/§+\/5)2 S(\/E+\/5)2+(\/5—\/6)2 =2a+2b<2.

maxM =2 < Va - f =b= 1 :
a+b= 1 2
82. Xét téng cua hai sO

(2a+b-2ycd )+ (2c+d-2Vab) = (a+b-2Vab)+(c+d-2ved ) +a+c =
= (a+c)+(J5—J5)2+(JE—JE)2 >a+c>0.

83. N =46 +8\3+42+18 =\12+83+4+4J6 +4/2+2 =

= \/(2J§+2)z+2ﬁ(2J§+2)+2 =\/(2J§+2+J§)2 —2B+2+2.

84. Tu x+y+z:\/@+\/ﬁ+ X = (*/;_\/y>2+(\/§—\/2)2+(\/§_\/;)2:

Vayx=y=z.

85. Ap dung bat dang thirc Cauchy cho 1 vaa; (i=1,2,3,...n).

86. Ap dung bat ddng thirc Cauchy véi hai séa +b>0va2ab >0, tacé :
a+b+2@22m hay (\/a_+\/5)222\/m.
Dau “=“xayrakhia=b.

87. Giast a>b>c>0.Taco b+c>anén b+c+2bc >a hay (\E+«E)2>(\E)2

Do do6: \/B + x/E > ﬁ . Vay ba doan théng \/g , \/B , x/E 1ap duogc thanh mdt tam giac.
88. a) Diéukién: ab>0;b# 0. Xét hai trudng hop :

*Truonghop 1: a>0;b>0: A—J_(J_ J_) \/7 a- \/_ -1.

_ 2
* Truong hop2: a<0;b<0: Azﬁ—t;!b_—\/%:—\/%+l—\/§=l—2\/%.

(X+2)*-8x>0
N x>0 , L
b) bieukién: {x>0 <:>{ . Véi cac diéu kién d6 thi :

5 X #2
&——¢o

x




B \/(x+2)2—8x _ \/’(X—Z)z.«/; _ |x—2|.\/;.

x/—_i X—2 X—2

x

o Néu 0<x<2thi|x-2|=-(x-2)vaB=- X.

o Néux>2thi|x—2|=x-2vaB=+/X

2
a’+2 (*’az+1) +1 1 -

= =ya’+1+ . Ap dung bat dang thirc Cauchy:
Jaz+1 Ja2+1 a’+1

VvaZ+1+ L
2
2 1:

89. Taco:

JaZ+1
1

Ja?+
Ja?+1

93. Nhan 2 vé cua pt voi ﬁ,tadu’qc: ‘VZX—5+3‘+N2X—5—1‘:4 & 5/2<x<3.

JaZ+1 JaZ+1

1 a’+2 9
22\/»\/a2+1.— =2. Vay > 2. Pang thirc xay ra khi :

< a=0.

94. Ta chimg minh bang qui nap toan hoc :

1 1
a) Véin=1taco: Pl:E<_ (*) dung.

B

1 135.(k-1) 1
J2k +1 24.6..2k  J2k+1

¢) Ta chimg minh rang (*) dang khin=k + 1 , tac 1a :
1 1.3.5...(2k +1) 1

b) Giasu: P, < 1)

P.< = < 2
1T k3 246..(2k+2)  J2k+3 @
2k+1  2k+1

Véi moi s6 nguyén duong k ta co :

< 3
2k+2 J2k+3 ®)

Nhaén theo ting vé cac bat dang thire (1) va (3) ta dugc bat dang thuc (2). Vay V n € Zs ta c6
1.35..(2n -1 1
P = ( ) <

" 2.4.6..2n J2n+1

2 2 3 3
95. Biéndéitu’orngdu’orng: \E+\ES\/E+\/E<:>\E+\ESM
b Va Jab

o Vo DO D) o a4 e (Vo -VB) 20 (aime




x—«/4(x—1)20
\ — l<x<?2
96. Didukien: J X+ VAX 1)20©{ A<

x*—4(x-1)>0 X>2
X-1+0
A Tt L ‘ £ 2 2
Xét trén hai khoang 1 <x <2 va x>2.Kétqua: Azl— va A:—l
_X X_

105. Cdch 1 Tinh AN2. Céch2: Tinh A2
Cich 3: Pat J2x—1 =y >0,tacé:2x— 1=V~

oo V2x+242x -1 2x-242x—1 Yl 4le2y (Y’ +l-2y y+1 |y~
V2 V2 V2 V2 2 2

1
Vé’lyzl(tﬁ?CIE‘lXZI), A:E(y_pl_y_i_l):\/z.

NN ey

1
V6i0<y<l(trcla — <x<1), A= +1+
y<1( 5 ) I(y y-

108. Néu2<x<4thi A=2+/2.Néux >4 thi A=2«/x—2.
109. Bién déi : 1fXer—2+\E:\E+ y.BinhphuonghaiVéréirﬁt gon, ta dugc :
J2(x+y—2) =/xy . Lai binh phuong hai vé réi rat gon : (2 — y)(x — 2) = 0.

bap: x=2,y>0,x>0,y=2.
110. Bién d6i tuong duong :

1) < a2+b2+c2+d2+2\/(a2+b2)(c2+d2) > 2% + ¢? + 2ac + b? + d? + 2bd

N \j(az +07)(c +d%) >ac+bd ?)

* Néu ac + bd <0, (2) dugc chimg minh.

* Néu ac + bd >0, (2) twong duong voi :

(a® + b?)(c® + d?) > a’c® + b%d? + 2abcd < a’c? + a?d? + bc? + b?d? > a’c® + b%d? + 2abcd
< (ad—bc)>>0 (3). Bét ding thirc (3) ding, vay bét ding thirc (1) dwoc chimg minh.
111. Cdch 1 : Theo bét dang thirc Cauchy :

2

a b+c a’ b+c a a b+c
+ >2 . =2.—=a = 2a—
b+c 4 b+c 4 2 b+c 4
2 at+c ¢’ a+b

Tuong tu : >b—



2 2 2
s a b C a+b+c a+b+c
Cong timg vé 3 bat dang thic : + + >(a+b+c)— =

b+c c+a a+b
Cdch 2 : Theo BDT Bunhiacopxki : (a® + b? + c?)(x* + y? + %) > (ax + by + cz)%. Ta 6 :

T+(ﬂ+(ﬁﬂx[<ﬁ>ﬂ<ﬁ>ﬂ<mﬂz

o

(7=

a
> Ab+c+——=nlcta+—
[Jb+c c+a ﬁ
2 2 2
a b L_C >a+b+c.

a’ b ¢’ )
= + + [2@+b+0)]=(a+b+c)’ = + >
b+c c+a a+b b+c c+a a+b 2

2 +
112. a) Tanhin tong a + 1 dudi dang mot tich 1.(a + 1) va 4p dung bdt Cauchy : /Xy < X > y

Ja+1—J1(a+1)<(a+;)+1 %+1

Tuong tu : «/b+1:g+1 : «/c+1=§+1

g s +b+
Cong tirng ve 3 bat dang thuc : \/a+1+«/b+l+\/c+1 S%+3:3,5.

Dau“="xayra<>a+1=b+1=c+1 < a=b=c=0, trai voi gia thiéta+b+c=1.

Vay: a+l+Jb+1++c+1<3,5.
b) Ap dung bat ding thirc Bunhiacopxki véi hai bd ba s6 :

(1.Ja+b +1.\/b+c+1.\/c+a)2 £(1+1+1)X[(\/zm)2 +(\/l§)2 +(m)1 =N

2

(Ja+b+¢b+c+Jc+a)fgXa+b+b+c+c+a%=&:¢a+b+¢b+c+Jc+aSJE

C

.

113. Xét tir gidc ABCD c6 AC L BD, O la giao diém hai dudng chéo. A. D
OA=a;0C=b;0B=c;0D=dvo6ia,b,c,d>0.Taco:
AB=+a’+c’ ; BC=+b>+c* ; AD=+a’+d* ; CD=+/b* +d*
AC=a+b ; BD=c+d. Can ching minh : AB.BC + AD.CD > AC.BD.

That vay ta cé : AB.BC >2Sagc ; AD.CD >2Sapc. Suyra:
Suyra: AB.BC+ AD.CD > 2Sagcp = AC.BD.

Vay : \/(az +c2)(b2 +cz) +\/(a2 +d2)(b2 +d2) >(a+b)(c+d).




Chu ¥ : Giai bang cach ap dung bat dang thirc Bunhiacopxki :

(m?+nd)(x*+y?) > (mx +ny)’ véi m=a,n=c,x=c,y=btacod:

(@%+cA)(c® + b?) > (ac +cb)? = \/(a2+02)(02+b2) > ac+cb (1)

Tuong tu : \l(az + dz)(d2 +b2) > ad+bd (2).Cong (1) va(2) suy ra dpcm.

2
114. Loi gidi sai : A=X+\/_=(\/;+l) —lz—i.Vay minA:—%.

2 4
A or .1 Do . 1 , . , |
Phan tich sai 1am : Sau khi chirmg minh f(x) > - E chua chi ra truong hop xay ra f(x) = - 2

L 1
Xay ra d4u déng thirc khi va chi khi Vx = Voli
Loi gidi ding - Dé ton tai VX phaico x>0.Dodo A=x+ /X 0. minA=0 < x =0,

115. Taco A=

X X

(x+a)(x+b) x* 4+ ax+bx+ab _(
X

x+@j+(a+b).

Theobétdéngthﬁ:cCauchy: X+@22’\/£ nén A22«/£ +a+b= (\/g+\/g)2.
X

ab
min A = (JE+JB)2 khivachikhi {© x <> x=+/ab.
x>0

116. Ta xét bidu thirc phu : A? = (2x + 3y)?. Nh§ lai bat déng thirc Bunhiacopxki :
(am + bn)? < (a* + b%)(m* + n?) (1)

Néuép dung (1) véia=2,b=3, m=x,n=ytaco:

A% = (2x+3y) < 22+ B +y)) = 13(¢ + ).

V6i cach trén ta khong chi ra dugc hing s6 a ma A%< o Bay gio, ta viét A? duéi dang :

A? = (xﬁ\ﬁx + \E.\Ey)z roi ap dung (1) taco:
A= (V2) +(B) | (x2) +(33B) |=@+3p2x 3y 25,5 =25

X =
DoA?< 25nén -5<A<5 minA=-5 < Y & x=y=-1
2x+3y =5
X=y
max A=5 < & x=y=1
2x+3y =35

117. Didukiénx < 2.Dit 2—x =y>0,tacd:y* =2 x.



2
a=2—y2+y:—(y—%j +%S% = maxA=%<:>y=%<:>x=%

118. Picukién x>1:x>1/5:x>2/3 < x> 1.

Chuyén v&, rdi binh phuong hai v& : x =1 =5x— 1+ 3x =2 + 24/15x> —13x +2  (3)

Rut gon:2 - 7x = 2\/15){2 —13x +2 . Cén ¢6 thém diéu kién x < 2/7.

Binh phuong hai vé : 4 — 28x + 49x* = 4(15x* — 13x + 2) < 11x*-24x+4=0
(1x-2)(x-2)=0 & x1=2/11; x, = 2.

Ca hai nghiém déu khong thoa méan diéu kién. Vay phuong trinh di cho v6 nghiém.

119. Piéu kién x > 1. Phuong trinh bién d6i thanh :
\/x—1+1+‘x/x—1—1‘:2 o \/x—1+‘\/x—1—1‘:1

*Néux>2thi: Vx—1++x—1-1=1< +x—1=1x=2, khong thudc khoang dang xét.

*Néul<x<2thi: Vx—1+1-+x—1+1=2.V6sénghiém 1< x < 2

Kétluan: 1< x < 2.

120. Pidukién: X2+ 7x +7>0.Dit VX2 +7x+7 =y>0 = X+ Tx+ 7=\
Phuong trinh d3 cho tré thanh : 3y? -3 +2y=2 < 3y’ +2y—-5=0 < (y—1)(3y +5)=0
& y=-53 (loai);y=1. Voiy=1taco VX’ +7x+7 =1 = x2+Tx+6=0 <

& (x+ 1)(x +6)=0. Cac gia tri x =- 1, X = - 6 thoa min x* + 7x + 7> 0 12 nghiém cua (1).

121. Vétrai: \B(x+1)° +4 ++/5x +1)> +9 =4 +/9 =5.
Vé phai: 4 —2x—x?=5—(x + 1)> < 5. Vay hai vé déu bang 5, khi d6 x = - 1. V&i gia trj ndy ca
hai bat dang thirc nay déu tré thanh dang thirc. Két luan : x =-1

5-a’

122. @) Giasit V3-+2 =a (a:hiut) = 5-26 =a2 = J6= . Vé phai 14 s6

hiru ti, vé trai 1 s6 vo ti. Vo 1i. Vay 3 —«/2 12 s6 vé ti.
b) Giai twong tu cau a.
123. Pit x—2 =a, J4—x =b, tacoa?+b="2. S& ching minh a + b < 2. Cong timg vé bat
déngthlﬁzc:aéaz+1;béb2+1. r

2 2
124. Dbat cac doan théng BH = a, HC = ¢ trén mdt dudong théng.
Ké HA L BC véi AH =b. D& thay AB.AC > 2Sasc = BC.AH.

125. Binh phuong hai vé rdi rat gon, ta duoc bat dang thiic tuong

duong : (ad — bC)2 > 0. Chii ¥ : Ciing c6 thé chimg minh bang bt dang thirc Bunhiacopxki.



126. Gia st a2b20>O.Theodébz‘1i:b+c>a.Suyra:b+c+2x/g >a =
= (Vo +ve) >(va) = Vb+ve s

Vay ba doan théng co do dai \/E , \/E , \/g 1ap duoc thanh mdt tam giac.
127. Taco a, b> 0. Theo bat dang thirc Cauchy :

2
(a+b) +a+b:a+b a+b+lj2Ji;a+b+lj
2 4 2 2 2

| 1 ,
Can chimg minh : +/ab [a +b+ 5) > ax/g + bx/g . Xét hiéu hai vé :

E[Hm%j - Jab(Va+b)

ﬁ{(fgj[fgﬂ > 0

E(a+b+%—£—ﬁ)

Xay ra diu ddng thirc: a=b=

£ g2 fb+ b+ b+c+
128. Theo bat dang thic Cauchy : C. S( C+1j:2=¥.
a a 2a
Do do : ,/ > 22 . Tuong tu : " b > 2b ;,, € > 2
b+c a+b+c a+c a+b+c Va+b a+b+c

C@ngtirngvé: \/ a +\/ b +\/ ¢ 22(a+b+c):2.
b+c c+a a+b a+b+c

a=b+c

Xay ra dau dang thiic: {b=c+a = a+b+c=0, trai véi gia thiét a, b, ¢ > 0.
c=a+b

Vay dau ding thire khong xay ra.
129. Cdch 1 : Dung bat dang thirc Bunhiacopxki. Ta ¢6 :

(x\/l—y2 erxfl—x2 )2 S(Xz—yz)(l—y2+1—x2).

pat x*+y?=m, tadugc: 1°<m2-m) = (M-1)2<0 = m=1 (dpcm).

Cdch 2 : Tir gia thiét : ijl —y? =1—-y1—-x" . Binh phuong hai vé :
XP(L-y)=1-2yN1-x> +y’(1-x) = x*=1-2yJ1-x" +V?
0=(y-VI-x*) => y=+1-x" = X*+y*=1.



130. Apdung |A|+|B|>|A+B|. mnA=2 & 1<x < 2.
131. Xét A2=2+21-x>.Do 0<V1—-x*> <1 = 2<2+241-x> <4

— 2<A?<4 minA=+2 véix=+1, max A=2v6ix=0.

132. Ap dung bét déng thirc : va> +b> +/c? +d? = \J(a+c)* +(b+d)* (bai23)

A=+ +J(1-x)?+27 2 J(x+1-x)* +(1+2)* =410

minA:\/ﬁ & 1_—X:Z & X=—.
X

o —1<x<3 (1)

] —x*+4x+12>0 (x+2)(6-x)=>0
133. Tap xéc dinh : <

x> +2x+3>0 x+D@B-x)=0

Xéthidu: (- X2+ 4x + 12)(- X2+ 2x + 3) =2x + 9. Do (1) nén 2x + 9 > 0 nén A > 0.

2 , ,
Xét: A’ = (\j(x +2)(6—-X) — \/(X +1)(3 - X)) . Hién nhién A%>0 nhung dau “ =" khong xay

ra (vi A > 0). Ta bién ddi A? du6i dang khac :

A= (x +2)(6-X) + (X + 1)B—X) - 2,\[(x +2)(6—x)(x + DB —x) =

=(X+1)6-X) +(6-X) + (X +2)(3=X) — B—X) - 2\[(x +2)(6—x)(x + )(3—X)

=X+ 1)6-X) + (X +2)B-X) - 2/x+2)(6-X)(x +)(3—x) +3

= (VG DE—0) ~x+2)G %)) +3.

A%?>3.DoA>0nén min A = «/g voix = 0.
134. a) Didu kién : x> <5.
* Tim gia tri 16n nhat : Ap dung béat dang thirc Bunhiacopxki :

AZ=(2x+1.45-x> P < (22 + 1Y% +5-x%) = 25 = AZ<25.

>0
X \/72 X2
—=45-x
A’=25 & {2 & xP=4(5-x") & x=2.
x* <5 x> <5
Voix=2thi A=5.Vay max A=5véix=2.

* Tim gi tri nho nhat : Chu ¥ rang tuy tir A?<25taco-5<x<35, nhung khong xdy ra

A?=-5. Do tap xac dinh clia A, ta co6 X° <5 = - 5 <x<5.Dod6:2x>-2/5 va

\/S—Xz >0.Suyra:A=2x+ x/S—XZ 2-2\/5. I\/IinA=-2x/§ VéiX:-\/g

b) Xét biéu thirc phu | A | va ap dung céac bat dang thirc Bunhiacopxki va Cauchy :



A| = |x|(\/®.\/@+l.\/101—x2 ) <|x[\(99+1)(99 +101-x*) =|x[.10.4200- x> <

2 2
<1o_w:1000
2
x? <101
|A|=1000 < o9 _ 9 x =£10. Dodé: - 1000 < A < 1000.
1 J101-x2
x> =200-x>
min A=-1000 véix=-10 ; max A =1000 véix = 10.
. a b ay bx
135. Ciachl: A=x+y=1(x+y)=|—+—|(X+y)=a+—+—+b.
Xy Xy

o . ay  bx ,a bx
Theo bat dang thire Cauchy véi 2 s6 duong : Y +— y =24/ab
x y \xy

Dods Aza+b+2vab=(va+vb) .

ay _ bx

Xy
= b
minAz(x/5+«/5)2 voi 2 E=1<:> X a+\/a_
Xy y=b++ab

X,y>0

Cdch 2 : Dung bét dang thirc Bunhiacopxki :

A:(x+y).1:(x+y)(§+gj2[\/g+\/EJ :(\/EJM/B)Z.

Twr d6 tim dugc gia tri nhd nhét cia A.

136. A= (X+Y)(X+2) = x> +XZ+ Xy +yZ=X(X +Yy +2) +Vz 22\/xyz(x+y+z):2

min A =2 khi changhany=z=1,x= x/i -1.

137. Theo bat dang thirc Cauchy : Xy +— yz « /Xy yz =2Y.
YA X Z X

7 ZX ZX X
Tuongtu:y—+—222 ; —+—y>2X Suyra2A>2(x+y+z)=2.

X Yy Yy z

mnA=1véix=y=z=

ooll—\



2 2 2

138. Theo bai tap 24 : X + y + z > Xty+z . Theo bét ding thirc Cauchy :
X+y Yy+zZ zZ+X 2
X+y o Xy_y+z> yZ_z+x> an@1XﬂHZ> Xy + yz+JZZ:l
2 2 2 2 2

1
MNA=—- & X=y=Z=-—.

3

2
139. a) A=(J§+J=)S(J=+J=)+(JZ—J§):2a+2b£2.
maxA=2 < Jg:J_c»azbz
a+b=1

b) Taco: ( ) ( f) (f f) = 2(a’ + b’ + 6ab)

(Va+) <2(@+c? +6ac) ; (Va+d) <2(a+d? +6ad)
(Vb+e) <2(b? +¢? +6be) ; (Vb ++d) <2(b +d? +6be)
(JE+JH) < 2(c? +d? + 6cd)

Suyra: B<6(a?+b?+c?+d® + 2ab + 2ac + 2ad + 2bc + 2bd + 2cd) = 6(a +b +c + d)><6

i = b=\ = i

a+b+c+d=1

Tuong tu :

140. A=3 43" >24/33 =23 =243 =18. minA =18 véix=y=2.
141. Khong mat tinh tong quat, gia stra + b > ¢ + d. Tir gia thiét suy ra :

b+C>a+b+c+d

A=

b L C _b+c ( C C j a+b+c+d (c+d_c+dj
c+d a+b c+d \c+d a+b 2(c+d) c+d a+b

bata+b=x;c+d=yvdi x>y>0,tacod:

AxXTY Y YV 31+1—1+X=—£+X-—£22 = J_
2y 'y x 2y 2 X 2 2y X 2

minA:\/_—% = d:O,x:y\/E, b+c>a+d ; ching han khi

a=J2+1b=2-1c=2,d=0
142. @) (x—3)2+ (X —=/3)2=0. Dapsd: x = 3.



b) Binh phuong hai vé, dua vé : (x> +8)(x* —8x +8)=0. Dapsd: x =4 +2+/2.
c) Papsd: x=20.
d) VX—1=2++/X+1.Véphiilén hon vé trai. V6 nghiém.

e) Chuyén vé: \X—2X—1 =1++/X—1. Binh phuong hai vé. Pap s6 : x = 1.

g) Binh phuong hai vé. Papsé: = < x <1

2
h) Pit \x—2 =y. Puavé dang |y—2|+|y—3 = 1. Chu y dén bét déng thic :

|y—2|+|3—y|2|y—2+3—y|:1. Timdugc2< y <3. Paps6:6< x <11.
- A A A1y « A ’ ;o . 16
i) Chuyén vé :{X++/1—X zl—ﬁ,rm binh phuong hai vé. Pap : x =0 (cht y loai x = 2—5)

., 16
K)Papso: — .
) bap oc

I) Piéu kién : x > 1 hodc x = - 1. Binh phuong hai vé roi rat gon :

2(2(x +D*(x +3)(x ~1) = x> -1.
Binh phuong hai vé : 8(x + 1)2(x + 3)(x — 1) = (x + 1)’(x — 1)* <> (x + 1)*(x — 1)(7x + 25) = 0
X= —? loai. Nghiém la: x=+1.

m) Vé trai 16n hon x, vé phai khong 16n hon x. Phuong trinh v6 nghiém.
n) Diéu kién : x > - 1. Binh phuong hai vé, xuét hién diéu kién x <- 1. Nghiémla:x=-1.
0) Do x > 1 nén vé trai 16n hon hodc bang 2, vé phai nhé hon hoic bang 2. Suy ra hai vé bang 2,

khi d6 x = 1, thdoa man phuong trinh.
p) bat \/2x+3+\/x+2 :y;\/2x+2—»\/x+2 =Z (1). Taco:
Yy —72? =1+ 2X+2 ;y+z2=1+2Jx+2.Suyray—-z=1.

T dé Z=~/X+2 (2). Tir (1) va (2) tinh duge x. Pap s6 : x =2 (chi y loai x = - 1).

q) Pat 2x>-9x+4=a>0;2x — 1 >b > 0. Phuong trinh 14 : Ja+3J/b=+a+15b . Binh

. . 1
phuong hai vé 161 rut gon ta dugc : b= 0 hoac b =a. Pap so : E ;D

2 2 2(Vk+1-+k)

. L2, = = +1-
14, Tachs =T e (et i) 2(Vk+1-k).
Vay : l+%+%+...+in>2(x/§—1)+2(\/§—J§)+2(«/A_f—\/§)+...+2(m_ﬁ) =



= 2(vn+1-1) (dpcm).
150. Pua cac biéu thirc dudi dau cin vé dang cac binh phuong dung. M = -2

151. Tryc cin thirc & miu ting hang tir. Két qua : A= +/n - 1.

152. Taco: \/_\/aT ~(a+a+l) = P=—(2+2n+1).

P khong phai 1 s6 hitu ti (chtrng minh bang phan chung).
1 1 1 9
= - = A=—
(n+DJﬁ+n¢n+& dﬁl Jn+1

154, 1+ —— n=+n.

R

155. Tacoa+1= \/]7 . Bién dbi da thirc trong ngodc thanh tong cac lily thira co s6 a + 1
A=[(a+1)°-3@+1)*—15(a+ 1) +52(a+1)*— 14(a + 1)]**®

= (259/17 - 22517 - 3417 -1)2000:1

153. Ta hay chung minh :

C 1

156. Bién déi: a—a-1= ,/ _Ja-3= .
“Ja+ia-1 d “Ja—2+4a-3

1 1 1 1Y 1Y

157, X2 =X +==X* = X+>+X—X+>=| X—= | +|Jx-=] >0.
gl zJ S
A A 5 3 A A7 A \e 1 Y
Dau “ = “ khong xdy ra vi khong thé c6 dong thoi : XZE va X=§.

168. Trudc hét ta ching minh : a+b§«/2(a2+b2) (*) (a+b>0)
Ap dung (*) ta cé : S:»\/x—l+\fy—2£\/2(x—l+y—2):»\E

3
X=—=
X-1=y-2
maxsS = Jrc> y & 2
X+y=4 y—§
2
* C6 thé tinh S? rdi 4p dung bat déng thuc Cauchy.
. : 1
180. Ta phéi co | A | < </3. D& thdy A > 0. Ta xét biéu thitc : B==2- 3-x2.Taco:

0<\VB3-x? < B=-B<\3-x?<0=2-3<2-3-x? <2,
mmB=2—v§¢>J§=JS—x2c>x=O.KMdénmxA=§;£—=2+d§<:

&



o maxB=2 < 3—x2 :0<:>X:i\/§.KhidéminA=%

181. Pé 4p dung bét dang thirc Cauchy, ta xét biéu thirc : B—:LZ—X+1—X Khi do :
—X X
2x  1-X
AR |
B>2 12x X B2z e lix x ¥
x X 0<x<1l (2)

Giai (1): 2x2=(1-x)? < |x+2 |=]1-x|.Do0<x<Inénxy2 =1-x <

X = 1 =+2-1.

J§+l

Nhuvidy minB=2v2 < x=+2 -1

2 +1 2X +1—x 2-2X 1 1+x
1-x X 1-x X 1-x X

=2+1=3

Bay gio taxéthiéu: A—B= (

Do d6 min A =2+/2 + 3 khi va chi khi x=+/2 - 1.
182. a) Piéukién: x>1,y>2. Bit dang thirc Cauchy cho phép lam giam mot tong :

a+b
—— >+/ab . O day ta mudn lam ting mot tong. Ta ding bat dang thirc : a+b </2(a’ +b?)

A=Ix-1+y-2<2(x-1+y-3) =2
_l=y-2 =15
maxA =2 < {X y =S {X ’

X+y=4 y=25

Céch khac : Xét A roi ding bat déng thire Cauchy.

a+b
b) Piéu kién : x > 1,y > 2. Bat dang thirc Cauchy cho phép lam trdi mot tich : /ab < 2

Ta xem céc biéu thirc /X — «/ —2 lacéac tich : \/x 1= \/1 (x-1), \/y 5 _ w/Z(\)//E 2)

Jx—l_l(x—D<1+x—1_1
X

Theo bat ding thirc Cauchy : <
X 2% 2

W-2 _2(y-2) 2+y-2_ 1 2
y ywW2 o 2yd2 22 4

1 V2 _2+2 {x—lzl @{x:z

maxB=—+
2 4 4 y—-2=2 y=4




1 1

183. a= b= . Ta
1997 ++/1996 /1998 + /1997
1997 + /1996 < /1998 ++/1997
Nén a <b.
184. a) minA=5-2+6 véix=0. maXAZ%VéiXZi J6.
b) minBZOVé’ix:li\/g. maXB:\/gvéiXZI
> < X*+(1-x) 1
185. Xét—1<x<0thiA<0.Xét0<x<1thi Aza\fx (1-x )S#:E.
2 _ 1.2

maxA=1<:> X" =1-x <:>X=£

2 x>0 2

186. A=|x—y|>0, do d6 A 16n nhit khi va chi khi A? 16n nhét. Theo bdt Bunhiacopxki :

A% =(x-y)? =(1.x—1.2yj2 £(1+ Ej(x2 +4y?) =2
2 4 4

2y 1 X:_ﬂ X:%
B |==-Z 5 5
maXA—7 = X 2 = hoac
x*+4y° =1 yzﬁ y:_ﬁ
10 10

187. @) Tim gid tri I6n nhat : T gia thiét :

0<x<1 x® < x?
{ { o Xy <xi+y*=1

=

O<y<1 y? <y?

53 = %2
maxA=1 < < x=0,y=1V x=1,y=0

Yo =y

L 2 2., .2 X+y .

b) Tim gid tri nhé nhat : (X +y) < 2(x“+y) =2 = x+y§»\/§ = N <1.Dodo6:
o (V) (x+y) .
X" +y = ﬁ . Theo bat dang thirc Bunhiacopxki :

thay

OC+y)(x+Yy) :{(\/x_s)z +(\/y_3)2}[(«/7)2 +(ﬁ)2} 2(\/x_3.x/7+\/3?.ﬁ)2: (X% +y?) =

1

min A = & X=y=

1 2
2 2



188. Pit /x =a; [y =b,tacoa,b>0,a+b=1.
A=a®+b*=(a+h)(@®—ab+b?=a’—ab+b?=(a+h)’>—3ab=1-3ab.
Doab>0nén A<1. max A=1 < a=0hodcb=0 < x=0hodcx=1,y=0.

(@+h)? 1
4

Taco ab < :abs%:l—Sabz%. minA:%<:>x:y=

4

189. Picukién:1-x>0,2-x>0nénx<1.Taco:

VI-X +(x—1)(x—2) —|x - 2| /:_:; —

o 1-x+Jx-Dx-2) —\[x-D(x-2) =3 & V1-x=3 & x=-8.
190. Taco: 6+ 4x +2x° = 2(x* + 2x + 1) + 4 = 2(x + 1) + 4 > 0 v6i moi x. Vay phuong trinh

xéc dinh voi moi gié tri cia x. Pat \X* +2X +3 =y > 0, phuong trinh ¢6 dang :

Y -y\2 -1220 & (y-3V2)(y +2V2)=0 = PB\E
y=-22 (loai viy>0

Dodé VX*+2x+3 =32 o x2+2x+3=18 & (X—3)(x+5)=0 < x=3;x=-5.
191. Ta co

+1JUE_JI<1+1)

1 1)
Jk Jk+1)
1
J2

o=

mﬂmk I(E_k_ﬂj:&(dlf

7

_ e Y11 1

- (“MJ(JE a1 Do (k+1)\/E<2(
1
- +2

Vay : +i+i+ +#<2(1—ij
Y1278z 4B T (4R V2

1
= 2/1- 2 (a .
( m} (dpem)

(e 1 2
192. Dung bat dang thic Cauchy ——=>—— (a,b>0;a#0).

Jab ~a+b

193. Pitx—y=a, VX + .y =b (1) thi a,be Q.

[ —% +"'+2[%_\/nljj

a) Néub=0thix=y=0,dodo VX ,\Jy €Q.

. X—= a
A by —_ — 2 .
b) Néub # 0 thi \/§+\/§ b = X 4/ eQ (2

fo(l)vé(2):\/;=%( %)eQ Jy= (b——j Q.



199. Nhan xét : (»\/x2 +a’ +x)(—\/x2 +a’? —x) =a’. Do do:
Jx? +a? +x)(»\/x2 +a’ —x)

2

2(x+»\/x2+a2)s% 0 < 2(x+«/x2+a2)s 5(

x> +a x? +a’
Doa#0mnén: VX°+a° +X> VX" +Xx =|x|+Xx>0.Suyra: Yx*+a’ +x>0, vx.
x<0

Vivay: (1) © 24x%+a’ SS(x/x2+a2—x)<:>5x£3 x’+a’? < {x>0

25x2 < 9x° +9a?

x<0 3
3, , & X<=.
0<ng|a| 4

1-2a

2, /a(l—a)

207. ¢) Trudc hét tinh x theo a duge X = . Sau d6 tinh V1+ x* dugc

1
2al-a)
Papso: B=1.

d) Tacoa?+1=a’+ab+bc+ca=(a+b)a+c). Tuongty:
b’+1=(b+a)b+c); c®>+1=(c+a)c+b). Papsé: M=0.

208. Goi vé trai la A > 0. Ta c6 A2:2)\(/i4.Suyra diéu phai chimg minh.
X
, 1 o 2.2 2 1.3
209. Taco: a+b=-1,ab=-—nén: a“+b°=(a+b)"-2ab=1+ —=—.
4 2 2
a4+b4:(a2+b2)2—2a2b2:g—lzz;a3+b3:(a+b)3—3ab(a+b):-1-E:—Z
4 9 8 4 4
Do dé:a’+b’ = (a+b%(@" +b*) —a’v’(a+b) = rir (—1)=—@.
4 8 64 64

210. @) a®=(2-1)2=3-22=/9-8.
B =(W2-1)°=242-6+3J2-1=5{2-7=50-+/49 .
b) Theo khai trién Newton: (1- \2)'=A-By2 ; (1+2)"=A+B«2 véiA,BeN

Suyra: A2 2B2=(A+B+2)A-BV2)=[(1+ V2)1- V2)]"=(- 1"

Néu n chén thi A~ 2b?=1 (1).Néunléthi A>-2B*°=-1 (2).

Bay gio ta xét a". C6 hai truong hop :

* Néunchénthi:a"= (2 -1)"=(1-2)" =A-BJ2 = VA? —{2B? . Pidu kién
A? - 2B? = 1 duoc théa man do (1).



*Néunléthi:a"=(N2 -1)"=-(1- v2)" =B2 - A= /2B —JA? . Bidu kién
2B? — A?= 1 dugc thoa man do (2).
211. Thaya= J2 vao phuongtrinhdﬁch0:2\/§ +2a+by2 +c=0
& J2(b+2)=-(2a+c).
Do a, b, ¢ hitu ti nén phdico6 b+ 2 =0do d62a+c=0. Thayb=-2, c = -2a vao phuong trinh
da cho :
XCraxt-2x—-2a=0 < x(¢-2)+a(x*-2)=0 < (X*-2)(x+a)=0.
Céc nghiém phuong trinh da cho la: + \/E va -a.
1

111
ZETTR

a) Chitng minh A >2Jn —3 : Lam giam mdi s6 hang ciia A :

1 2 2
R TS e e A U S

Do d6 A>2[(—J§+«/§)+(—J§+\/Z)+...+(—Jﬁ+\/n 1)}=
:2(«/n+1—«5):2x/n+1—2«5>2x/n+1—3>2%—3.
b) Chirng minh A < 2Jn -2 :Lam trdi mdi s6 hang ca A :

1 2 2
N CES A e e AL

Do do : A<2[(ﬁ—M)+...+(J§—\/§)+(\/§—\ﬁ)J=2\/ﬁ—2.

212. bat A=

213. Kihi¢u a, =\/6+\/6+...+\/6+\/€ c6 n dau can. Taco :

a,=6<3;a,=/6+a, <\6+3=3;a,=\/6+a, <V6+3=3...a,,=6+ay </6+3=3
Hlén nhién ag > \/E > 2. Nhu Vﬁy2<aloo<3,d0 do [aloo] =2.

214. ) Céch I (tinh truc tiép) : a2= (2 + 3)2=7+4+/3.

Taco 43 =48 nén6<43 <7 = 13< a’<14. Vay[a’]=13.
Cdch 2 (tinh gian tiép) : Pat x =2 + \/§)2thi X:7+4\/§ .

Xét bidu thic y= (2 - v3)’thi y=7-4+/3. Suyra x +y = 14.

D&thiy 0<2- 3 <1nén0<(2- 3 <1,ticla0<y<1.Dods13<x<14.
Vay [x]=13ticla[a®]=13.
b) Papsb: [a’]=51.



215. Pitx—y=a; VX +.Jy =b (1) thiavablasd hitu ti. Xét hai truong hop :

a

x+\/_ b
&:%(M%) lasdhituti 5 \Jy =2 (b—gj 1 56 hitu ti.

b) Néub =0 thi x =y =0, hién nhién +/x , \/y 1d s6 hiu ti.

a) Néub # 0 thi = Jx - \/_— lasdhiruti (2). Tir (1) va (2) taco :

210 Taco (n+i)ﬁ:n(ﬁl):ﬁ(% nil} J_[f %j{%_ﬁj:

Jn ( 1 1 j ( 1 1 j
=1+ — < 2| —=————. Tu d6 ta giai duoc bai toan.
[ Jn+1)\dn Vi) \dn et B

217. Chimg minh bang phan chimg. Gia st trong 25 s6 ty nhién da cho, khong c6 hai s6 nao

br:ing nhau. Khong mét tinh téng quat, gidsur a;<ay<....<azg.Suyra:a;>1,a;>2, ...

1 1 1 1 1 1
e S e e b
Ja Ja, 12 J25
1 1 1 1 2 2 2

E+E+....+E+ﬁ:M+ﬁ+@+m+....+m+l<

2 2
ST e AR N GRS O R

zz(J_—J')Jrl:g )

a5 > 25. Thé thi : (1). Talaico:

1 . \ L
T (1) va (2) suy ra : +T <9, trai véi gia thiét. Vay ton tai hai s6 bang

L + L +
\!al \]aZ a25
nhau trong 25 sdbay,a , ..., A25.

218. Pidukién: 0<x <4 Dit Y2+VX =a>0:+/2-/Xx =b>0.

2 2
a b
Tacd:ab=~4—X , a®+b’=4. Phuong trinh 1a : + =42

J2+a 2-b
= 2?2 -a?h+ 022 +ab?= 2 (2-b2 +ay2 -ab)
2 (@ +b*—2+ab)—ab(a—bh) =2(a—h)

2(2+ab)=(a—b)2+ab) (chay: a’+b’>=4)
= a-b=+2 (do ab+2+0)

Binh phuong : a®+b?-2ab=2 = 2ab=2 = ab=1 = +4—X =1.Tim dugc x=3 .



219. Piéukién: 0<x<1,a>0. Binh phuong hai vé roi thu gon : \/1— X2 =——.

243

Véi a > 1, binh phuwong hai vé, cudi cing duoc : x = 1
a-+

Diéu kién x < 1 théa min (theo bt dang thirc Cauchy).

Két luan : Nghiémla x= ——. Véi a> 1.
a+l

220. Néux =0thiy=0, z=0. Tuong ty d6i v6iy va z. Néu xyz # 0, hién nhién X,y, z>0

Tur hé phuong trinh da cho ta c6 : \/;

Tuong tu WS«/E;JES\/; . Suyra x=y=2z Xayradau“=" & cac bat ding thic trén
vol x=y=z=1. Két luan : Hai nghiém (0;0;0) , (1;1;1).

, . . 1
221. a) bat A=8+3 \/7)7 D¢ chirng minh bai toan, chi can tim s0 B sao cho 0 <B < 0

va A + B 1a sd tu nhién.

Chon B=(8-3+/7). D&thdy B>0vi8>3+/7.Taco 8+37 >10 suyra:

1 1 1
(8+3V7) i = (8- <

Theo khai trién Newton ta laico: A =(8 + 3\/7)7 —a+ b\ﬁ voi a,b e N.

B:(8-3\/7)7:a-bx/7. Suyra A + B =2ala sd ty nhién.

1 . C . .
Do0 < B« W va A + B 14 s6 tu nhién nén A c6 bay chit so 9 lién sau dau phay.

Chii y: 10°" = 0,0000001.
b) Giai twong tu nhu cau a.
222. Ta thay v6i n 1a s6 chinh phuong thi \/ﬁ 1a s6 ty nhién, néu n khac sé chinh phuong thi

x/ﬁ 1a s6 vo ti, nén x/ﬁ khong c6 dang ....,5 . Do d6 ing v&i mdi sé n € N” c6 duy nhit mot s6

nguyén a, gan \/ﬁ nhét.
Ta thay rang, véinbang 1, 2, 3,4, 5,6, 7, ... thia, bang 1, 1, 2,2, 2,2, 3, ... Ta s& chimg minh
réng an 1an lugt nhan cac gia tri : hai s6 1, bdn sb 2, sau s6 3... Noi cach khac ta s& ching minh

bat phuong trinh :

1 1
1- 2 < «/; <1+ 2 ¢6 hai nghiém tu nhién.



1 1 .
2— E <AX <2+ E ¢6 bon nghiém tu nhién.
1 1 . .
3- E <A/X <3+ E ¢6 sau nghiém ty nhién.
A J l 1 Je [N s A A A A M )
Tong quat : K— > <X <k+ > c6 2k nghiém ty nhién. That vay, bat dang thirc tuong duong

1 1 .
voi: kK2 —k+ 2 <x < K+k+ rk RO rang bat phuong trinh nay c¢6 2k nghiém ty nhién 1a :

K—k+1; K-k+2; .. ;kK+k Dodo:
l+l+...+L: 1+1 + l+l+l+l +...t+ L+L+...+L =2.44=88.
a, a, a5 |1 1 2 2 2 2 44 44 44

258 456 88 56

223. Giai tuwong tu bai 24.

a) 1 <a, <2 Vay [a]=1 b) 2 < a, < 3. Vay [an]=2.

c) Tathdy: 442=1936 < 1996 < 2025 = 457, con 46° = 2116.

a; = 1996 =44 < a; < 45,

Hay chung to véin > 2 thi45 < a, < 46.

Nhu vay voin=1thi [a, ] =44, véin > 2 thi [ a, ] =45.

224. Cén tim sb tu nhién B saocho B < A< B + 1. Lam gidm va lam trdi A dé duoc hai sb tu
nhién lién tiép.

Taco: (dn+1Y° < 16n°+8n+3 < (4n+2)> = 4n+1 < V160> +8n+3 < 4n+2

= AN’ +4n+1 < 4n°+ 16n° +8n+3 < 4n+4n+2 < A’ +8n+ 4

= @2n+1)7 < 4n2+ 160> +8n+3 < (2n+2)
Liycanbachai: 2n+1 < A < 2n+2. Vay [A]=2n+1.
225. Pé chirg minh bai toan, ta chi ra s6 y thoa méan hai diéukién: 0 <y < 0,1 (1).

X + y 12 mot s6 ty nhién co tin cing bang 2 (2).
200 .
Ta chon y = (\/5—@) Taco 0 < \3-+2 < 03nén 0 <y < 0,1. Pidu kién (1) duoc

ching minh.

Bay gio ta chtimg minh x + y 1a mot s6 tu nhién c6 tan cling bang 2. Ta ¢6 :
x+y :(\/§+\/§)2OO +(\/§_\/§)200 :(5+2\/8)100 +(5_2\/€)100.

Xétbiéuthfrcténgquétsn=an+bnvéia=5+2\/€ ,b:5-2\/€.



Sn=(5+26)"=(5-26)"

A va b c6 téng bang 10, tich bang 1 nén chung 1a nghiém cua phuong trinh X? -10X + 1 = 0, tirc
la: a®=10a—1 (3);b’=10b—-1 (4).

Nhan (3) véia", nhan (4) véib": a™?=10a""-a" ; b™?=10b"" - b".

Suyra (@™ +b™?%) =10@"* + b — @" + b"),

tirc 1a Sp+z = 10Sp+1 — Sy, hay Spez =- Spe1 (Mod 10)

Do d6 Spis = - Spez = Sp (Mod 10)  (5)

Tacd So=(5+26)"+(5-24/6)"=1+1=2; 5= (5+26) + (5-26) = 10.
Tir cong thirc (5) tacd Sz, Sz, ..., Sp 13 s tw nhién, va So, S4, Ss, ... , S100 cO tAn ciing bang 2,
tirc 12 tong x + y 12 mot sd tu nhién c6 tan cing bang 2. Piéu kién (2) dugc chimg minh. T (1)

va (2) suy ra diéu phai chimg minh.
o 250 125 . . .
226. Bién doi (\E + \E) = (5 + Z«E) . Phan nguyén ctia nd c6 chir so tan cung bang 9.

(Giai tuong tu bai 36)
227. Taco:

A= (V1] et [VB])+([Va ]+t [VB])+ ([0 ]+ -+ [ V15 |+ ([ V16 ] ... +[ v24])

Theo céch chia nhém nhu trén, nhém 1 ¢6 3 s6, nhém 2 ¢6 5 s, nhém 3 ¢6 7 s6, nhém 4 ¢6 9 so.
Céc s6 thudc nhom 1 bang 1, cac sé thudc nhom 2 bang 2, cac sd thudc nhom 3 bang 3, cac sd
thudc nhoém 4 bang 4.

Viy A=13+25+37+49=70

228. a) Xét0 < x < 3. Viét A dudi dang : A = 4%. %.(3 — x). Ap dung bét ding thirc

3
X XiXi3-x
Z@B-x<|22 | =1
2 3

Cauchy cho 3 s6 khong am % , % , (3—x) ta duogc :

b | <

Dodd A <4 (1)
b) Xét x > 3, khi dd A < 0 (2). So sanh (1) va (2) ta di dén két luan

X
—=3-X

maxA=4 < <2 = x=2.
x>0

229. a) Lap phuong hai vé, 4p dung hing déng thuc (a +b)® = a° + b + 3ab(a + b), ta dugc :
X+1+7—-x+33x+D)(7-x).2=8 < (x+1)(7-x)=0 < x=-1 ; x=7(théa)



b) Didukién:x > -1 (1). Dat Yx—2=y;Vx+1=z.Khidé x-2=y?;x+1=7°

y+z=3 (2)
nén z°—y®=3. Phuong trinh dd cho duoc dua vé hé :<z> -y’ =3 (3)
z>0 (4)

Riutztir(2): z=3—y. Thayvao (3): y'— Yy +6y—6=0 < (y-1)(y’+6)=0 < y=1

Suy ra z =2, thoa man (4). T d6 x = 3, thoa man (1). Kétludn: x =3.

230. a) C9, chang han : \/24— \/g = «/5

b) Khong. Gia sir ton tai cac sb hitu ti duong a, b ma «/g + »\/E = {‘/5 . Binh phuong hai vé :
a+b+2+ab =2 = 2+/ab :\ﬁ—(a+b).

Binhphuo’ng2vé:4ab=2+(a+b)2—2(a+b)\/§ = 2(a+Dh) \/5 =2+ (a+b)*—4ab

V& phai 1a s6 hitu ti, vé trai 1a s6 v ti (via + b # 0), mau thuan.
3
s 9 5 \ A ~ 2 m A A LA .9 m ~ a . M
231. a) Giasu 3/5 la s6 hiru ti — (phén s6 t0i gidn). Suy ra 5 = —- . Hay chimg minh rang
n n

x A . £ v ea ook, ~ A Ko oo
ca m lan n déu chia hét cho 5, trai gia thi¢t — 1a phan so toi gian.
n
o, A~ 1 N ST
b) Gia st 3/6 +3/Z la sO hiruti — (phan so6 toi gian). Suy ra :
n

3
g=(%/§+3/2)3 =6+3.3/§.E:6+6—m = m’ =6n+6mn° (1) > m’:2 => m:2
n n n

Thay m=2k (k € Z) vao (1) : 8k®=6n°+ 12kn?> = 4k®=3n> + 6kn”. Suy ra 3n® chia hét cho

2 = n°chia hét cho 2 = n chia hét cho 2. Nhu vAy m va n cung chia hét cho 2, trai véi gia

s A m \ A A L Rs oo
thiét — 1a phan s0 to1 gian.
n

L ; +b+
232. Cach 1 : Pata= x° , b= y3 ,C= 7%, Bét dang thirc can ching minh % > J/abc

3 3 3
X' +y +z 3 .
rry vz > xyz hay Xy + 3 3xyz > 0. Ta c6 hiang dang thuec :

tuong duong voi

X +y + 28— 3xyz = %(x +y+2)[(x—y)?+ (y—2)*+ (z—X)?]. (baitap sbt)

a+b+c
Doa,b,c>0nénx,y,z>0,dodox®+y +2z°—3xyz>0. Nhu vy : TZ%/abc

Xay ra dau dang thire khi va chikhi a=b=c.



Cdch 2 : Trudc hét ta chimg minh bt ding thirc Cauchy cho bbn sé khong am. Ta c6

a+b+c+d:1[a+b+c+dj%(@+ﬁ)z\/mm:4/—abcd

4 20 2 2

4
e +b+c+d +b+
Trong bat dang thirc (%j >abcd ,dat d= % ta duoc :

4
a+b+c
a+b+c+——

> abc. > abc.

a+b+c (a+b+cj4 a+b+c
1 = _

. . X £ atb+c \ " L £ 3 o
Chia hai vé cho s6 duong T (truong hop mat trong céac so a, b, ¢ bang 0, bai todn dugc

3
+b+ +b+
chirng minh) : (mj >abc < aTbCZ%/abC.

3

, B . at+b+c
Xay ra dang thuc : aZbZCZT & a=b=c=1

£ 1 . o
233. Tu gia thict suy ra : b + ¢ + d Sl—iz—. Ap dung bat dang thic

b+1 c+1 d+1 a+l a+l

. 1

Cauchy cho 3 s6 duong : > b + ¢ + d >3.3 bed . Tuong tu :
a+l b+1 c+1 d+1 (b+D(c+1)(d+1)

L>3\/ acd
b+1 (a+D(c+D(d+1)

L>3\/ abd
c+l " V@+hHb+Dd+1)

534 abc
d+1 (a+D)(b+1)(c+1)
Nhan tir bon bat dang thirc : 1> 8labed = abed < % .

234. Goi A= X—

2

y

3A=(y— y—2 Z_QJ(1+1+D>(_+Y+_J (1)

z7 X y z X

2
Z
— .

N, |'~<N

+ Ap dung bat dang thirc Bunhiacopxki :

bl

, (s . X z
Ap dung bat dang thic Cauchy véi ba s6 khong am :  —+ J +—2>3.3

Yy
y 7z X y z

>N

=3 @



2
Nhi timg vé (1) v6i 2) 3A(i+z+£j23(i+z+£j oAk, Y,
y z X y z X y z X

235. Dt x=3+33 ;y=3Y3-Y3 thi +y*=6 (1). Xéthiéub®—a’, ta duoc :
bP-a’=24— (x +y)}=24— (3 +y*) - Bxy(x +Y)

Do (1), ta thay 24 boi 4(x® +b%), taco :

b®—a = 40 + y°) — ( + ¥°) = 3xy(x +y) =30 +y*) - 3xy(x +y) =

=3(x +y)(X*—xy + Y —xy) =3(x +y)(x—y)*> 0 (vix >y > 0).

Vay b® > a®,doddb > a.

236. a) Bat dang thuc ding véi n=1. Véi n > 2, theo khai trién Newton, ta co :

(“_lj :1+n.l+ n(n—l)'l2+ n(n—l)(n—2)-i3+m+ n(n—l)...2.1.i
n n 2! n 3! n n! n"

< 1+1+(i+l+...+ij
2!

3! n!
Dédz‘mgcht’mgminh:l+l+...+i£L LJr...+ ! =
21 3! n! 1.2 23 (n—1D)n
= 1—l+l—l+...+L—l:1—l<1 Do d6 (1+l)“<3
2 2 3 n-1 n n n

b) V6i n=2, tachang minh 33 > /2 (1). That vay, (1) < (%/?)6 >(J§)6 o 3¥>22

Véi n > 3, ta chirng minh Q/H >"Yn+1 (2). Thatvay:

2) (¢ +1)“(“+D <(¥m )“(““) o @il <n™ e W o (1 i lj <n ()
n

n

1 n
Theo cau a ta ¢ (1 + —j <3 ,ma3 < n nén (3) dugc chirng minh.
n

Do d6 (2) dugc ching minh.
237. Céch 1 : A2=2(X2+1+x/x4+x2+1)24. min A =2 véi x=0.

Céch 2 : Ap dung bat dang thirc Cauchy :

A 2 2 +x+D)(C —x+1) = 2Ux* +x3+122

min A=2 v6i x=0.

238. Vi x < 2thi A > 0 (1). V&i 2 < x < 4,xét - A=x*(x—2). Ap dung bét ding thirc

Cauchy cho ba s6 khong am :



3

irtix-2 3
(x=2) < % :(2"3_2) <8

|
DO |

X
X

A <32 = A>-32. mnA=-32 véi x=4.
239. Diéukién: x2 < 9,

3
2 2
X X
S+ 49X

2 2
X2 9-x)<4| 2 23 — 427

A =x'(9-x*)=4."— .=
( ) )

maxA:6a\/§ V(’rixzi\/g.

240. a) Tim gia trj 16n nhat :

Céach 1:V6i0 < x < /6 thi A=x(x*-6) < 0.

Vi x > J6.Taco ¥6 <x<3 = 6<x2<9 = 0<x*-6< 3

Suyra X(x*~6) < 9. max A=9 véi x =3.

Cich2: A=x(x*-9)+3x.Taco x > 0, x’~9 <0, 3x <9, nén A < 9.

max A=9 voi x=3

b) Tim gia tri nho nhat :

Cichl: A = X—6x = X+ (@2v2) - 6x— (22 )° == (x + 22 )(x%- 242 x + 8) — 6x -
162

= (x+2402)0%- 22 x+2) + (x +2/2)6 - 6x- 162 = (x+22)(x - V2 )2-42 > -
42 .

minA = -42 véi x = 2.

Cdch 2 : Ap dung bat dang thirc Cauchy voi 3 s6 khéng am :

XX +242 #2402 > 3.3x3242.242 =6x. -

Suyra X~ 6x > -4v2. minA=-42 véi x=+2. 2

241. Goi x 1a canh cta hinh vudng nho, V 1a thé tich ctia hinh hop. X

Cén tim gié tri 16n nhét cua V =x(3 — 2x)%.

Theo bét ddng thirc Cauchy véi ba sé duong :

= 8 maxV=2 < 4x=3-2x

3
AV = 4x(3 — 2)(3 - 2x) < (4”3_2“3_2"}

3

1
& X= =
2



. . ]
Thé tich 16n nhat cua hinh hop 1a 2 dm® khi canh hinh vuong nhé bang 5 dm.

242. a) bap s6: 24 ;-11. b) bat Y2—x=a;x—-1=b. bap s6: 1:;2:10.

NS

¢) Lap phuong hai vé. Papsd: 0; =+ 7

d) Pat J2x—1 =y. Giaihé: x*+1=2y,y*+1=2x,dugc (x—y)0C+xy+y*+2)=0

Jg .

L
H

< x=y. Papsd: 1 ; 5

. 1 .
e) Rut gon vé trai duoc : E(X—VX2—4). Pap so: x =4.
g) bat J7-x=a;Yx-5=b.Taco: a®>+b*=2 a’>—b®=12 - 2x, do d6 vé phai cua

3 3 3 3
-b -b -b
a . Phuong trinh da cho tr¢ thanh : a = a )
a+b 2

phuong trinh da cho 1a

a—b a’-b’
a+b a’+b’
Doa+b#0nén:(a—b)@ —ab+b’=(a—b)@+ab+b.

T a=btaduoc x=6. Tu ab=0taduoc x=7;x=25.

Do a® + b* =2 nén = (a—b)@ +b% = (a+bh)@*-b®

h) Pat Yx+1=a;Yx—1=b. Taco:a?+b%+ab=1 (1);a3-b*=2 (2).
Ta(1)va(2): a—b=2.Thayb=a—2vao (I)taduoc a=1. Papsd:x=0.

i) Cdch I: x = -2 nghiém dung phuong trinh. Vé&i x + 2 # 0, chia hai vé cho J/x +2.

+1 +3
Pit i/X =a;\/X =b.Giaihé a®+b%=2,a+b=-1. Hé ndy vo nghiém.
X+2 X+2

Cdch 2 : it Jyx+2 =y. Chuyén vé : %jy3 -1+ %/y3 +1 =—y. Lap phuong hai vé ta duoc :

V-1+y+1+33y° 1.y =-y o ¥y’ =y. «3/y6—1.

Vé6iy=0, conghitmx=-2. Véiy#0, co y2 = ij(’_—l Lap phuong : y6 = y6— 1. Vo6 ng.
Cdch 3 : Ta thiy x = - 2 nghiém dung phuong trinh. Véi x < -2, X > - 2, phuong trinh v6
nghiém, xem bang dudi day :

X x+1 Ixt2 Yx+3 | Vewdi

<0 <1 <0
>0 > 1 >0

X < -2

e

<
X >-X >

K) Pit 1+x=a,1-x=b.Taco: a+b=2 (1), Yab+¥a+%b =3 (2



Theo bat dang thire Cauchy Jmn < , ta co

3:J4;.ﬁ+J1.J;+J1.£gﬁ;ﬁﬁ@“ﬁ:

2 2

:\/§+\/E+1£1+Ta+%+1:a;b+2=3.

Phai x4y ra ddu ding thire, tic 1a: a=b=1. Do d6 x =0.
) bat Ya—x=m>0;Yb—x=n>0 thi m*+n*=a+b-2x

Phuong trinh dé cho trd thanh : m + n = Ym®* +n” . Nang 1én liiy thira bac bdn hai vé rdi thu
gon : 2mn(2m? + 3mn + 2n%) = 0.
Suyra m=0hoac n=0, connéum,n > 0 thi 2m?+3mn +2n% > 0.
Dod6 x=a,x=b. Taphaicéd x < a,x < bdeécac can thirc c6 nghia.
Gid st a < b thi nghi¢ém cta phuong trinh da cho 1a x =a.
243. Didu kién dé biéu thirc c6 nghia : a> + b? # 0 (a va b khong dong thoi bang 0).
X'+ xPyP 4yt xPe2xty? +yt -2xy?
XIxy+y: X%+ Xy +Y? B

Dat%:x;%:y,tacé: A=

~ (x2 +y2)2 —(xy)? ~ (x2 +y° +xy)(x2+y2 —xy) ~
X xy+y? X2 +y? + Xy =Xy Xy

Vay: A=%a2+3b? —3ab (voi a?+b2#0),

244. Do A 14 tong cta hai biéu thirc dwong nén ta c6 thé ap dung bat dang thirc Cauchy :

A=V X414+ +X+1> 2\/\/X2 X1+ X+1 :2(‘[(x2 —X+D(X*+x+1) =

= 2Ux* +x*+2>2. Ding thirc xay ra khi :

{x2+x+1=x2—x+1 : : _— . . .
y < X=0.Tacd A > 2, dang thirc xay ra khi x =0. Vdy : min A =2
X" +x°+1=1

< x=0.

245. Vi 1+ /3 la nghiém cta phuong trinh 3x> +ax?+bx + 12 =0, nén ta co :

3(1+ V3P +al+ 3)Y2+b(Ll++3)+12=0.

Sau khi thuc hién cac phép bién ddi, ta duoc biéu thirc thu gon :(4a + b +42) + (2a+ b + 18) \/§
=0.

Via,be Znénp=4a+b+42 € Zvaq=2a+b+ 18c Z.Ta phai tim cac sd nguyén a, b sao

chop+q\/§:0.



Néu q #0 thi \/§ =- B,véli.Dodéquvatﬁ:erq\ﬁ =0tasuyrap=0.
q

Vay 1 + +/3 1a mot nghiém cia phuong trinh 3x° + ax? + bx + 12 = 0 khi va chi khi :

{4a+b+42=0

. Suyraa=-12 ; b=6.
2a+b+18=0

246. Gia sit 43 1a b hitu ti g (g Ia phan s6 t4i gian ). Suyra : 3 = z—z Hay chirmg minh cd p
va q cung chia hét cho 3, trai véi gia thiét P phan sb t6i gian.

247. a) Tacd: mzal(ljtﬁ)z :9f1+2ﬁ+2 :\6/3+2ﬁ.

Do dé : %/1+J§.€/3—2J§:€/3+2J§.€/3—2J§:46/32—(2«/5)2 _1.

b) §9+4J5.32-\5=-1.

248. Ap dung hang dang thirc (a + b)3 —al+b*+ 3ab(a+Db),taco:

a° = 20+ 1442 + 201442 + 33/(20 +144/2)(20~144/2) a=>a® = 40 + 33207 — (14+/2)

o a®-6a-40=0 < (a-4)@*+4a+10)=0. Via®+4a+10>0nén = a=4.

249. Giai tuong tu bai 21.

250. A=2++/3-42.

251. Apdung: (a+b)*=a’+b®+3ab(a+h).

Tir x=¥3+39 .Suyra x*=12+33x < x*-9x-12=0.

252. Sir dung hing ding thuc (A — B)® = A®~ B® — 3AB(A - B). Tinh x*. Két qua M = 0
253. a) X3 =-2;X,=25.

u=v>+6
b)Détu=\3/X-9,V=X-3,taduqc:{ S u=v=-2 = x=1.
3
vV=U’+6
0) Pat: Yx?+32=y>0. Kétqua x==+7.
254. Pua biéu thirc vé dang : A=‘«/X3+l+].‘+‘x/xs+l—].‘.Apdung |A|+|B|>|A+B|

mnA=2 < -1<x<0.

255. Ap dung bat dang thirc Cauchy hai lan.
256. Pat Ix =y thi Ix*> =y* = P=2¢x +2



258. Taco: P=|(x—a) +y(x-b)’ =|x—a|+|x-b|=|x—a+b-x|=b-a (a<b).

Déu déng thirc xdy rakhi (x —a)(X —b)>0 < a<x<b.VadyminP=b-a < a<x<b.

259. Via+b>c;b+c>a;c+a>b. Ap dung bat ding thirc Cauchy cho timg cip sé duong

(@+b-c)+(b+c-a) b
2

(c+a—-b)+(a+b-c) 4
2

+(c+a-h) e
2

J@+b—c)b+c-a)< Joic_a)cra_b)<Pre=d

Jc+a-b)a+b-c) <

Cac vé cua 3 bat dang thire trén déu duong. Nhan 3 bat dang thirc nay theo timg vé ta duoc bt
dang thirc can chimg minh. Pang thirc xay ra khi va chi khi :

atb-c=b+c—a=c+a—b < a=b=c (tam giic déu).

260. |x—y|:\f(x—y)2:\/(x+y)2—4xy:\/H:2\/§.

261. 2A=(a—h)?+ (b—c)’+ (c—a)%
Taco:c—a=-(@-c)=-[(a-b)+(b-c)]=-(v2 +1+ 2 -1)=-22.
Do dé: 2A = (N2 +1)2+ (V2 -1)2+ (-24/2)2=14. SuyraA=7.

262. Pua pt vé dang : (ﬁ—l)ﬁ(ﬁ—z)ﬁ(ﬁ—:«:f -0.
263. Néu 1<x<2 thi y=2.

264, Dat: VX—L=y>0. M=x—1(VX—1+2)(3-x1).

265. Goi cac kich thudc cta hinh chir nhat 1a x, y. Véimoi x, ytaco: X + y2 > 2xy. Nhung x?

+y?=(8+/2)?=128,nén xy <64.Dod6: max xy =64 < x=y=8.
266. Véimoia, btaludncod : a*+b”>2ab. Nhung a’ +b?=¢’ (dinh li Pytago) nén :

a+b

?>2ab < 22>’ +b?+2ab o 262> (a+b) < cV2 >a+b o c>

Dau dang thirc xay ra khi va chi khia =b.

267. Bién di ta duge : (va'b —ab') +(va'c ~ac') +(vb'c —vbe') =0



