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BAI TAP TOAN NANG CAO LOP 9
PHAN I: PE BAI

Chung minh \/7 13 s6 vo ti.
a) Chimg minh : (ac + bd)? + (ad — bc)? = (a2 + b?)(c? + d?)
b) Chirng minh bat dang thirc Bunhiacopxki : (ac + bd)? < (a? + b?)(c? + d?)

3. Cho x + y = 2. Tim gi4 tri nho nht cta biéu thirc : S =x? + y2.

4.

C a+b
a) Cho a> 0, b > 0. Chirng minh bat dang thirc Cauchy : T >4ab.

. bc ca ab
b) Cho a, b, ¢ > 0. Chltng minh rang : _+F+_Za+b+c
a C

¢) Cho a, b> 0 va 3a + 5b = 12. Tim gi4 tri I6n nhat cta tich P = ab.

5.Cho a+b = 1. Tim gi4 tri nho nhat cua biéu thirc : M = a® + b®.

6. Cho a® + b® = 2. Tim gia trj 16n nhét cua biéu thirc : N=a+b.

7. Cho a, b, ¢ 1a cac s6 duong. Chimg minh : a®+ b® + abc > ab(a + b + ¢)
8. Tim lién hé giita cac s6 a va b biét rang : |a + b| > |a - b|

9.

10.

11.

12.
13.

a) Chtng minh bat dang thuc (a+ 1)°>4a
b) Cho a,b,c>0vaabc=1. Chungminh: (a+ 1)(b+1)(c+1)> 8

Chimg minh cac bat dang thc :
a) (a+h)>< 2(a® +b?) b) (a+b+c)?< 3(a®+b?+c?)
Tim céc gia tri cia x sao cho :
a) [2x-3[=|1-x|b) X*—4x< 5 C) 2x(2x — 1)< 2x — 1.

Tim céc sda,b,c,dbiétring: a®+b>+c?+d>=a(b+c+d)
Cho biéu thirc M = a2 + ab + b? — 3a— 3b + 2001. Vi gid tri ndo ciia a va b thi M dat gia tri nhé nhat ? Tim

gié tri nho nhét do.

14.
15.

16.
17.

18.

19.
20.

21.

22.
23.

Cho biéu thitc P = x? + Xy + y?> — 3(x + y) + 3. CMR gi4 tri nho nhat ctia P bang 0.
Chung minh rang khong c6 gia tri ndo ciia x, y, z thoa man dang thirc sau :
X?+4y? +7°2 - 2a+8y—-62+15=0
1
X —4x+9
So sanh céc s6 thyuc sau (khong dung mdy tinh) :

a) \/7+\/1_5va7 b) \/1_7+\/§+1Va\/ﬁ
9 % va z7 0) 342 va 23

Hay viét mot s6 hitu ti va mot $6 vo ti 16n hon \/E nhung nho hon \/é
Giai phuong trinh : v/3%% +6X +7 +/5x% +10x + 21 =5 2x — x°.

Tim gia tri 16n nhét ciia biéu thirc A = x%y véi cac didu kién x, y > 0 va 2x + xy = 4.

1
Cho S= + +ot tot —
J1.1998  /2.1997 JK(1998 -k +1) J1998-1

Hay so sanh S va 2.@

1999
Chimg minh rang : Néu s6 tu nhién a khong phai 1a s6 chinh phuong thi JE 13 56 vo ti.
Cho cac s6 x va y cung ddu. Chimg minh rang :

Tim gia tri 16n nhit cua biéu thic : A =
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4 4 2 2
R s LT
y X y X y X

24. Chig minh rang cac so sau la s0 vo ti :

a) 1+\/§

3 ) .
b) M+ — véim,nlacacsohiruti,n#0.
n
25. C6 hai s6 vo ti dwong nao ma téng 1a sé hitu ti khong ?
2 2

( S X X
26. Cho cac so x va y khac 0. Ching minh rang : — +=— +42> 3(— + XJ :
y y X

27. Cho céc sb x, v, z duong. Chimg minh rang : — + 2 +

28. Chirng minh rang téng ctia mot sd hiru ti voi mot s6 vo ti 1a mot sb vo ti.
29. Ching minh cac bat dang thirc :

a) (a+b)?< 2(a’+b?)

b) (a+b+c)*< 3(a®+b*+c?)

C) (m+az+....+an)’< n(a®+a’+.....+apd).

30. Cho a° + b® = 2. Ching minh ring a+b <2,

31. Chimg minh rang : [X]+[y]<[x+Y].

1

32. Tim gié tri 16n nhét cua biéu thic : A = -
X®—6x+17

T X z .
33. Tim gia tri nho nhat cta : A:—+X+— voi x,y,z>0.
y z X

34. Tim gi4 tri nho nhat ciia : A =x%+y? biét x +y=4.
35. Tim gia tri 16n nhit cia: A = xyz(x +y)y tz)(z+x) voix,y,z=20;x+y+z=1
36. Xét xem cac s6 a va b co thé 1a s6 vo ti khong néu :

a) ab va E 13 s6 vo ti.

a ‘
b) a+bva b lasohiruti (a+b#0)
c) a+b,a®vab?lasdhiruti (a+b#0)
37. Cho a, b, ¢ > 0. Ching minh : a%+ b®+ abc >ab(a+b +c)
b C d
+ + + >
b+c c+d d+a a+b
39. Chl’mg minh rang [ZX] béng 2[X] hodc 2[X]+1
40. Cho sb nguyén duong a. X¢ét cac s6 ¢6 dang: a+15;a+30;a+45; ... ;a+ 15n. Ching minh rang

trong cac s6 do, ton tai hai s6 ma hai chir s6 dau tién 1a 96
41. Tim cic gié tri ciia x dé cac biéu thirc sau c6 nghla

1
A=\x*-3 B=——— X+ = +\/—2x
VXZ +4x -5 \/ J2x -1

G=+3Xx-1-+5x-3+Vx2+Xx+1

42. a) Ching minhring : |A+B|<|A |+ |B|.Diu “=" xay ra khi nao ?

38.Cho a, b, ¢, d > 0. Chtirng minh :

b) Tim gié tri nho nhat cua biéu thac sau: M = \/X2 +4X+4 + \/X2 —6X+9.
¢) Gidi phuong trinh : +/4X? + 20X + 25 ++/x? —8x +16 = v/x° +18x +81

43. Giai phuong trinh : 2X2 —8x—3Vx*—4x-5=12.
44. Tim cac gia tri ciia x dé cac biéu thirc sau co nghia :
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A=~x2+x+2 B—_ 1 C=2-+1-9% Do 1
1-3x VX* —5X +6
-1 G=—t—+/x-2 H=+/x*—2x-3+3J1-x
V2x+1++/x x° -4
X?—3X _

0

45. Giai phuong trinh :
X—-3

46. Tim gi4 tri nho nhét cua biéu thire : A =~/X +X.
47. Tim gia tri 16n nhét cia biéu thic : B=+/3—X +X

48.S0sénh: a) a=+2++/3 Va b:*/\3—/§+1 b) \/5—\/13+4\/§ va \/3-1

c) Jn+2—-+n+1 va \/m-\/ﬁ (n 1a s6 nguyén duong)
49. V6i gia tri ndo cla x, biéu thire sau dat gia tri nho nhat: A =1—+1-6x+9x* + (3x —-1)°.
50. Tinh: a) \4-243 b) v11+6+/2 c) +/27-102
d) A=+m?+8m+16 +m?—8m+16 e) B=\/n+2\/E+\/n—2\/m (n>1)
M = 841 .
J45 + 481 + /45— 481
52. Tim c4c sb x, y, z théa min dang thie : (2X—Y)* +(Y—2)° +/(X+y+2)>* =0

53. Tim gi4 tri nh6 nhét cia biéu thitc : P = 25x% — 20X + 4 ++/25x% —30x + 9 .
54. Giai cac phuong trinh sau :

a) Vx2—x—2-/x—2=0 b) VX2 —14+1=x2 0) VX2 =X +X°+x-2 =0
d) x —vx*—2x?+1=1 e)M+|x—4|=O g) VX—-2++/x-3=-5

h) VX2 —2X +1++/x> —6x+9 =1 i) VX+5++/2—x =x*—-25

K) VX +3—4x -1 +/x+8-6x -1 =1 1) /BX +1+/3% -5 =Tx + 4 +/2x —2

2 2
. N X"+
55. Cho hai s6 thuc x va y thoa man cac diéu kién : xy =1 vax >y. CMR: y >22.
X-y

51. Rt gon biéu thic :

56. Rut gon cac biéu thirc

a) \/13+3o\/2+\/9+4ﬁ b) ym+2Jm—1 +ym—2Jm—-1

c)\/2+\/5.\/2+\/2+\/§.\/2+\/2+\/2+\/§.\/2—\/2+\/2+\/§ d) /227 —304/2 + /123 + 2242

7. Ching minh rang \/2+\/_ =?+%.

58. Rut gon cac biéu thirc :
a)C:\/6+2(\/5+\/§+\/§)—\/6—2(\/§—\/§+\/§) b)D:\/@_\/@

J2
59. So sanh :

a) \6+420 va1+V6  b) \y/17+1242 va V2 +1 c) YV28-16+/3 va </3-2
60. Cho biéu thirc A:\/x—\/x2—4x+4

a) Tim tap xac dinh cua biéu thirc A.

5
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b) Rt gon biéu thic A.

61. Rt gon cac biéu thie sau : a) 11— 2410 b) v9— 2\14
3+11+ 62 —\/5+ 26

c)
\/§+\/6+2\/§—\/7+2\/1_0
62.Ch0a+b+c=0;a,b,c¢0.Ch&ngminhdflngth&c: i2+i2+i2:l+1 1
a~ b® ¢ a b c

63. Giai bit phuong trinh : X* —16X+60 <X —6.

64. Tim x sao cho : Vx* -3 +3<x°.
65. Tim gia tri nho nhét, gia tri 1on nhét cia A = x% + y2, biét rﬁng :
X +2y?-3) + (Y -2)*=1 (1)

e w2
66. Tim x dé biéu thic c6 nghia: a) A = __ b) B= £+\/X2 -8x+8.
X —~/2x -1 Vv2x+1
[2 2
67. Cho biéu thic : A= XFTVX 72X XZVX' ~2

X
- X—X2—2X  X+Ix2—2x

a) Tim gia tri cia x dé biéu thirc A c6 nghia.
b) Rut gon biéu thuc A. c¢) Tim gid tri cuax de A <2.

68. Tim 20 chit sb thap phan du tién ciia s : 1/0,9999....9 (20 chit sb 9)

69. Tim gi4 tri nho nhat, gi4 tri 16n nhatcta: A=|x- N2 |+|y—1|véi|x|+|y|=5
70. Tim gia tri nho nhat cia A = x* + y* + z* biét rang xy + yz + zx = 1
71. Trong hai s6 : Jn+/n+2 va 2¢n+1 (n 14 s6 nguyén dwong), s6 nio 16n hon ?

72. Cho bidu thitc A =+/7 +4+/3 ++/7 —4+/3 . Tinh gié tri ciia A theo hai céch,
73.Tinh: (V2 +4/3+/5)(v/2 +43 = B)(W2 = /3 +/5)(~v/2 + /3 ++/5)

74. Chimg minh cac s6 sau 1a sd vo ti : \/§+\/§ : \/é—\/i : 2\/§+3

75. Hay so sanh hai s6 : a=3J§—3 va b:2\/§—1 : \/2+\/§ va \/5-1—1

J2
76. So sanh \/4+\/7—\/4—\/7—«/§ vasb 0.
77. Rut gon biéu thic : Q = V2 +\/\é§++\/?++\/\£§ 4 .

78.Cho P= \/14 ++/40 ++/56 ++/140 . Hay biéu dién P dudi dang tong cua 3 cin thirc bac hai
79. Tinh gié trj cua biéu thirc x2 + y? biét ring : X/1—-y* + yv1-x* =1.
80. Tim gi tri nh6 nhét va 1én nhdtcia: A=+1—X +~/1+X.
, 2
81. Tim gia tri 16n nhit ciia : M =(J5+JB) véia,b>0via+b<l.
82. CMR trong cac s6 2b+c—2+/ad ; 2c+d—2+/ab ; 2d+a—2+/bc ; 2a+b—2+/cd cé it nht hai
) duong (a, b, c,d>0).
83. Rt gon bidu thirc : N =+/4v/6 + 83 +4+/2 +18.

84.Cho X +Y+2Z=+/Xy ++/YZ +~/2X , trong d6 X, y, z> 0. Chimg minh x =y = z.
85. Cho ay, a2, ..., an > 0va aiaz...an = 1. Ching minh: (1 +ag)(1 + a2)...(1 +an) >2".

86. Chimg minh : (JE+ \/5)2 >2./2(a+b)Vab (a,b>0).
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87. Chung minh ré’mg néu cac doan théng c6 do dai a, b, ¢ lap dugc thanh mot tam giac thi cac doan
théng co do dai \/5 , \/B , \/E cling 1ap duoc thanh mot tam giac.

2 2
88. Rut gon : a) A:J%%\/b—_\/% b) B= (X +2) 8X.

2
ok

> 2 . Khi ndo c6 dang thirc ?

a’+?2

va®+1

89. Chung minh rang v61 moi so thyc a, ta déu co :

90. Tinh: A =1/3+/5 +y/3—+/5 biing hai cich.

@ va 6,9 b) V13-+12 va J7-+/6

2+/3 2-3
2+\/2+\/_ J2-2-B
93. Giai phuong trinh : /X +2+3v2Xx -5 + X —2—/2x—5 =242 .

94. Chiing minh rang ta ludn c6 : P = 135...(2n - 1) 1
2.4.6...2n Jzn +1

b2
95. Chirng minh rang néu a, b > 0 thi \/_ a+ \/_ \ / + 4 /

\/x—\/m+\/x+ 4(x 1) ( Lj

91. So sanh : a)

92.Tinh: P=

1 VneZ+

96. Rt gon biéu thc :

\/x —4(x-1) x-1)
97. Chirng minh cac dang thirc sau : a) a\/_ﬁ\/_:flﬁza—b (a,b>0;a#b)
a a—

NN N ar iz avr)_ . o
)( -2 Y J NN -2 c) (1+\/5+1J[1—\/a_1]_1—a (a>0).

98. Tinh: a) \/JE—\/s—\/zg—sm ) 2\/3+\/5—\/13+m.
c) (\/\/nm —\/\/28—16\/§j.\/\/7+\/@.

99. Sosanh : a) J§+ 5véJ1_5 b) 2+J_5va 12+ﬁ
C) J18 +4/19 va 9 d)Tva\/_\/_

100. Cho hang dang thirc

2 b - \/a+mi\/a—m

2 2
2 2443 2-3 \/3 202 \3+242
J2 442443 \/_—\/2 B \/17 1292 17+1282

)\/2\/_0+\/_ 226 2
210 - 24/2 J3-1

101. Xac dinh gia tri cac biéu thuc sau :

(a, b>0vaa’—b>0).

Ap dung két qua dé rut gon :
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a) A=Y= X" 1y (a+lj,y l(b+1j (@a>1:b>1)

Xy +4x% —14]y? a 2 b
Ja+bx+Ja—bx , 2am
b) B = 5 = 1.
) Ja+bx —+/a—bx vor X b(l+m2) Im| <
2x—\/x_2—1

102. Cho biéu thire P(X) ==
33X —4x +1

a) Tim tat ca cac giatri cua x dé P(x) x4c dinh. Rut gon P(x).
b) Chirng minh rang néu x > 1 thi P(x).P(- X) <0.

\/x+2 4\/_2+\/x+2+4\/_

\/_

a) Rut gon biéu thic A. b) Tim cac s nguyén x dé biéu thirc A 13 mot sd nguyén.
104. Tim gia tri 16n nhat (néu cd) hoac gia tri nhé nhat (néu cd) cua céc bicu thirc sau:

a) V9—x2 b) VX —x (x> 0) ) 1++/2—x d) VX -5 -4

e) 1-21-3x g) V2x* —2x +5 h) 1—v-x*+2x+5 i)Z;\/_3
X —/X +

105. Rut gon biéu thirc : A = \/X +~/2x—1 \/X —/2Xx—1, bing ba céch ?
106. Rt gon cac biéu thic sau : a) \/5\/5 + 5\/48 —104/7 + 43
b) y/4++10+ 245 +\4—10+ 25 C) V94— 42/5 —/94+ 4245 .

107. Chimg minh cc hing déng thirc v6ib>0; a> b

103. Cho biéu thirc A =

3) \/a+\/5i\/a—J5=\/2(ai\/m> b) \Jatb = \/a+\/a7—i\/a— a’—b

2
108. Rt gon biéu thirc : A =X +2v2X —4 ++/X—2v2x -4
109. Timxvaysaocho: X+y—2 :\/;+\/§—«/§

110. Chimg minh bt déng thitc : a?+b” ++/c? +d? > \J(a-+¢)’ +(b+d)’ .

2 2 2
111. Cho . b, ¢ > 0. Chiing minh : —— 424 & > 3+b+c
b+c c+a a+b 2
112.Choa,b,c>0;a+b+c=1. Ching minh :
a) Va+l++b+1+/c+1<35 b) Va+b+vJb+c+c+a<+b .

113.CM : \/(a2+c2)(b2+c2)+\/(a2+d2)(b2+d2) > (a+b)(c+d) véia,b,c,d>0.
114. Tim gia tri nho nhitcia: A=X +\/;.
(x+a)(x+hb)

X
116. Tim gia tri nho nhat, gia tri 16n nhat cia A =2x + 3y biét 2x? + 3y? < 5.

117. Tim gi4 tri 16n nhit cia A = x + /2 —X.
118. Giai phuong trinh : JX=1—+/5x—-1=+/3x—-2

119. Giai phuong trinh : \/X+2\/X—l +\/X—2\/X—l =2

120. Giai phuong trinh : 3X* + 21X +18+ 2X* + 7X+7 =2

115. Tim gia tri nho nhét ciia : A =



https://giasudaykem.com.vn/

Gia sw Tai Nang Viét https://giasudaykem.com.vn

121. Giai phuong trinh : v3x2 +6X + 7 +~/5x2 +10X +14 = 4 — 2x — X
122. Chimg minh cac s saulasd voti: 3-+2 22 +3
123. Chimg minh «/X—2++/4—-Xx <2,
124, Ching minh bat dang thirc sau bang phuong phap hinh hoc :
JaZ+b2b2+c? >b(a+c) vdia,b,c>0.
125. Chimg minh +/(a + b)(c+d) >+/ac ++/bd véia,b,c,d>0.
126. Chtrng minh rang néu cac doan thang c6 d6 dai a, b, ¢ 1ap dugc thanh mdt tam gidc thi cac doan thang co
d6 dai JE , \/B , \/E cling 1ap dugc thanh mot tam giéc.

a+b)®> a+b
127. Chiing minh ( 2) += >a/b +bya voia, b>0.

128.Ch13:ngminh\/ a +\/ b +\/ €S2 iab,c>0.
b+c a+c a+b

129. Cho X\/l—y2 + y\/l—X2 =1. Ching minh rﬁng x2+y?=1.

130. Tim gia tri nho nhit cia A = \/X —2dx-1+ \/X +2x—1

131. Tim GTNN, GTLN ciia A=+1-X ++/1+x .

132. Tim gié tri nho nhit cia A = X2 +1+X2 —2X +5

133. Tim gia tri nho nhitcia A= \/—X2 +4x+12 —\/—X2 +2X+3.

134. Tim GTNN, GTLN cita: a) A = 2x +/5—x? b) A = x(99 +\101-%? )

‘ a b .
135. Tim GTNN cia A =x +ybiét x, y >0 thoa mdan —+— =1 (a va b la hang s6 duong).
Xy
136. Tim GTNNcua A=(x+y)(x+2z) voix,y,z>0, xyzx+y+z)=1.
) , Xy yz X ..
137. Tim GTNN cua A=—+—+— v0ix,y,z>0,Xx+y+z=1,
zZ Xy
2 2 2

X V4 ‘
138. Tim GTNN cia A=——+Y 4+ 2 bidix,y,2>0, Xy +-/yz +2x =1.
X+y Y+Z Z+X

. 2
139. Tim gia trj 16n nhat ctia : a) A=(x/5+\/6) voia,b>0,a+b<1

mB%ﬁ#ﬁy%ﬁ#ﬁy%ﬁ#ﬁY%%#ﬁY%@#ﬁY%ﬁ%ﬁy
voi a,b,c,d>0vaa+b+c+d=1.
140. Tim gia tri nho nhat cia A =3*+3Y véix +y=4.

141. Tim GTNN cua A:L+L véi b+c>a+d ; b,c>0; a,d>0.
c+d a+b
142. Giai cac phuong trinh sau :
a) X2 —5x—24/3x +12=0 b) X2 —4x =8/x -1 ) VAx+1—+/3x+4 =1
d) VX-1-x+1=2 e)yJx—2Jx-1-4x-1=1 g)Jx+VZx—1+Jx—JZx—1=J§
h)Jx+2—4Jx—2+Jx+7—6¢x—2=1 i) VX + X +1-x =1
k) V1-vVX2 —x =/x -1 ) V2X% +8X +6 + /x> —1 = 2X + 2
m) VX2 +6 =x—24x* -1 N) VX +1++/X+10 = VX +2 +X+5

0) VX—1++x+3+2,(x~1)(x* ~3x +5) =4-2x
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D) V2X+ 34X 12 +42x+2-x+2 =1+ 2Jx+ 2.
) V2X2 —9x +4 +3/2x —1 =/2x% + 21x —11
143. Rut gon biéu thirc : A=(2\/§—\/§+3\/§)(\/]§—\/E+ 2\/5)

144. Chimg minh rang, Vn € Z+, taludncd : 1+ —— ( +1 —1).
B AT
x 1 1
145. Tryc can thirc 6 mau: a3) ——=————= b) ——.
' u:a) 1+/2++/5 ) X +x+1

146. Tinh : a) \/I \/3—\/29 6320 b) \/6+2\/5— J13+448 ¢ \/I \/3—\/29 12+/5
147. Cho a:\/3—\/_.(3+\/_)(\/_—\/—).Chl'rngmmhréngalésétunhlen.

V3-242  3+242
J17-1242  \17+1242

149. Giai cac phuong trinh sau :

148. Cho b = . b ¢6 phai 1a s6 ty nhién khong ?

a)(\/_ )x X+4-— \/_ 0 b)(\/§—l)x:2(\/§+1)x—3«/§
0 (5—x)\/5—x+(x—3)\/x—3:2 d) x+JX 55
J5—X ++/x-3
150. Tinh gié trj cia bidu thirc - M=,/‘12\/§—29‘+\/25+4\/Z—\/12\/§ 129 /25— 4421
1 1 1 1
151. Rat A= + + +..+ :
SN2 V2B Bea T dn-144n
, 1 1 1 1
152. Cho biéu thic : P = — + —t
’ J2-\B B-a Ja—B " Jan—an+1
a) Rut gon P. b) P c6 phai la s6 hitu ti khong ?
153. Tinh: A= L + ! + ! +..+ !
o 241 +1J_ 3J§+2f 43+3J4 7 100~/99 +994/100
154. Chung minh : 1+ — >\/_
J_ J_ “h

155. Cho a = \/]7 —1. Hay tinh gi4 tri ciia biéu thic: A = (a° + 2a* — 17a° —a® + 18a — 17)%°°.
156. Chimg minh : va—vJa-1<va-2-va-3 (a>3)

1
157. Ching minh : X2 —\/§+E >0 (x>0)

158. Tim gi4 trj lon nhét cia S=+X—1+./y—2 ,biftx +y=4.

» V3 1+2a 1-2a
159. Tinh gia tri ctia biéu tht ia=—1: A= + :
inh gid tri ciia biéu thirc sau voi 2 s m - m
160. Chirng minh céc dang thirc sau :
2) (4++/15)(+10 -6 |45 =2 ) VA2 + 26 =2 (V3 +1)

c)\/B—«/§(3+«/§)(\/l_O—\/§)=8 d) \/\/7+\/4_:%(\E+1) e) \/17—4\/9+4\/§=\/§—2161.

Chitrng minh cac bat dang thirc sau :
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5+J_ 5-+/5
a) V27 +/6 > /48 b) == NN ~\10<0

J§+1 J_ 1
o[t ol

ﬁ+f1 ff BB )1 5
N RPN (2 7 2+I) 75 T2 >0

e) \/JE+2\/\/§—1 +\/J§—2 J2-1>19 q) \/x/17+12ﬁ—ﬁ>J§—1
fD(J_§+J—§+J__)( 3+J_+J_) i)“J§+Jizy§“2_J§<OB

. 1
162. Chirng minh rang : 2</n+1- 2Jdn <——<2Jn-2Jn-1.Tir ds suy ra:

Jn
1
2004 <1+ — = <2005
J_ f /1006009
o \/5 + \/§ + \/_ 3
163. Truc cin thirc § mau : a ) ————.
' )J§+J§+J_+J_+4 )2+V§+ﬂz
164, Cho x = Y3+Y2 s */_ V2 tih A= s 6xy + 5Y2.
"Bz B
165. Chitng minh bét ding thirc sau : 2002 | 2008 V2002 ++/2003.
V2003 /2002
2 2
166. Tinh gié tri cita bidu thirc: A= 2V Y i x 2345 vay=3-+5.
X+Yy+2
167. Giai phuong trinh : —————— =3+ 2/X - X°

J_ Jl X
168. Giai bt cac pt: a) 3v3+5x /72 b) %\/10x—14 >1 o©) \/2+2\/2+\/§ >4,

169. Rit gon céc biéu thirc sau :
a) A =5 —\3-+/29-125 b) B=vI_a+a@_1) +a />
a

X+3+24x% -9 X% 4+ 5X + 6+ X+/9 — x?

c)C= d) D=
2X —6+x* =9 3X —X* + (X +2)J9-x°
1 1 1

[/ - A B rr

170. Tim GTNN va GTLN cua biéu thitc A= ———
2—+/3-x2

. 2 1
171. Tim gia tri nho nhat chla A=——+— vai 0<x<1.
1-x X
. x-1 -2
172.TimGTLNcﬁa:a)A:\/X—lJr\/y—Z bietx+y=4; b) Bz\/ +\/y
X y

173. Cho a=+/1997 —+/1996 : b =+/1998 —+/1997 . So sénh a véi b, s6 nao 16n hon ?
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1
174. Tim GTNN, GTLN ciia: a) A= ———— b) B=v-Xx*+2x+4.
5+2y6—x°

175. Tim gié tri 16n nhét cia A = Xy/1— X2 .
176. Tim gid tri lon nhdt ciia A =|x —y| biét x?+4y? =1,
177. Tim GTNN, GTLN ciia A=x3+y® biét x,y>0 ; x> +y?=1.

178. Tim GTNN, GTLN ciia A=x+/X +y,fy biét x +.Jy =1.
x-1

179. Giai phuong trinh : v1—X ++/X* =3X+2 +(X—2) /—2 =
X —

180. Giai phuong trinh : X° +2X —9 =6+ 4X +2X° .

181. CMR, Vn € Z+,taco: 1+i+i+...+#<
2 32 43 (n+1)v/n

L + ! + ! +..+ L
J1.1999 /21998 /3.1997  1999.1

183. Cho 3 s6 x, y va \/;-F \/§ 13 s6 hiru ti. Chimg minh rang mdi s6 «/; ; \/7 déu 1a s6 hitu ti

182.Cho A= . Hay so sanh A va 1,999.

184. Cho a—u—Z\/_ b= \/3+2\/§+\/6 4\/_ CMR : a, b 14 cac sb hitu ti.
NG
185. Rut gon biéu thirc : P = 2+Va —\/5_2 .a a+a_\/a_l. (a>0;a#1)
a+24a+1 a-1 Ja
Ja+l a-1 ( )
186. Chitng minh : - +4a || Va - da. (a>0:a#1
Ung min {\/g_l \/5+ \/g (a azl)
(x+2)2—8x
187. Rut gon : 5 (0<x<2)
" Z
\/_
b-+/ab a b a+b
188. Rat gon : | v/a +
fgon [ J’+J’J )

5a°
ﬁ (a#0)
190. Cho A=(1-a )Kll ava «/_j(“a\/_ \/Ej}ul

189, Gii bt phuong trinh : z(x X% +a? ) <

Ja 1++a

a) Rut gon biéu thic A. b) Tinh gid tri cia A v6i1a=29.

c) Voigidtrinaociaathi|A|=A

Ja+b-1 a-b( Jb__ b
atvab | 2vab |a—ab  atab )

a) Rut gon biéu thire B. b) Tinh gia tri cia B néu a =6+ 2\/5 .

¢) So sanh B voi -1.
=( L + L j:(lJr@J
Ja-va-b +Ja++a+b a—b
a) Rut gon biéu thirc A. b) Tim b biét | A | =-A.
¢) Tinh gia tri ciia A khi a=5+4v2 ; b=2+6+2.

191. Cho biéu thirc : B=

192.Cho A
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» Ja+l a-1 ( 1}
193. Cho biéu thre A = -~ +4a || Ja-—
0 bicu thuc [\/5—1 \/ngl \/g

a) Rut gon biéu thirc A.

, 6 ,
b) Tim gia trj cia A néu a = /6 . ¢) Tim gia tri caa a dé A > A.
2+«/€
104, Cho bidu thie A| Y3 __L |[azva_a+va)
2 2Ja)lJa+1 Ja-1
a) Rut gon biéu thirc A. b) Tim gid tricia A dé A=-4
195. Thyc hi¢n phép tinh : A = 1+—a+ 17a : 1ra_ji-a
l1-a l+a 1-a l+a
2 2—
196. Thyc hién phép tinh : B = +3 \/_
J_+\/2+J_ V223

197. Rut gon cac biéu thirc sau :

a)A_J_ Jy . [ j 1 2 (1 1}
xy\/> X Yy x+y+2\/7 ( x+\/_) Jx y
Vi Xx=2-+/3;y=2+4/3 .

e e
T

2a 1+ X s /1 a f _
C=———— ; O<ax<l
g V1+x% =X ( 1- a} ]
. D:(a+b)_J<a SR
c +1

\/x+2J_1+\/x 2x -1 X1
\/x+\/2x 1 +\/x—\/2x

198. Chung minh : \/\/;J”f \/ JX — /2X+ vl x > 2.

~1+/2 ~1-2

199.Cho a= , b= . Tinha’ +b’.
2 2

vol x>y>0

voia,b,c>0 va ab+bc+ca=1

e) E=

200. Cho a=+/2-1

a) Viéta?; a® dudi dang Vm —+/m—1 , trong d6 m 14 s6 ty nhién.

b) Chirng minh rang v&i moi so nguyén duong n, s6 a" viét dugc dudi dang trén.

201. Cho biét x = \/§ 12 mot nghiém ciia phuong trinh x° + ax? + bx + ¢ = 0 v6i cac hé s6 hiru ti. Tim cac
nghiém con lai.

202. Chirng minh 2Jn —3<— <2/n—2 véi ne N; ;n>2.

FET

203. Tim phan nguyén cua sd \/6+\/6+...+\/€+\/€ (c6 100 dau can).
204.Cho a=2++/3. Tinh a) [azj b) [aﬂ.
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205. Cho 3 56 X, y, \/X +4/y 12 56 hitu ti. Chtmg minh ring m&i s6 v/X ,/y déu la s6 hiru ti
206.CMR,Vn>1,ne N: 1+i+i+...+#<2
2 32 43 (n+1)v/n

, 1 1
207. Cho 25 s0 ty nhién a1, a2, as, ... azs thoa dk :

1 + 1 + ot
Va8, 3 EPS
trong 25 s6 tu nhién doé ton tai 2 s6 bang nhau.

2++/x 2—& 7.

Zizidx 22—k
m+\/ﬁ \/—

(1+ y)=2y
210. Giai h¢ phuong trinh 1 \/y (1+2)
Jz(1+x)

=9 . Chimg minh ring

208. Giai phuong trinh

209. Giai va bién luan véi tham so a

211. Chting minh rang :
r 7 r \ r 2
a) Sb (8 +37 ) ¢6 7 chit s6 9 lién sau ddu phdy.

r 10 r \ r 2
b) S6 (7 +443 ) c6 mudi chit s6 9 lién sau ddu phdy.

212. Ki hiéu an 1 s nguyén gin ~/n nhét (n e N*), vi du :
JV1=1l=a,=1; 2=l4=a,=1; B=xlL7=a,=2; J4=2=a,=2
1 1 1

; 1
Tinh: —4+—4+—+...+—.
al az a3 a‘1980

213. Tim phan nguyén ctia cac s6 (c6ndéucan): a) a, = \/2 + \/2 +o N2+ J2

b) a, :\/4+\/4+...+\/4+\/Z o) a, :\/1996+\/1996+...+\/1996+\/1996

214. Tim phan nguyén ciia A véin e N: A= \/4n2 ++/16n°+8n+3
N r 14 200 r N r 2
215. Chung minh rang khi viét s6 x = (\/§ + \/5 ) dudi dang thap phan, ta dugc chit sO lién trudc dau phay

1a 1, chir s6 lién sau dau phay 12 9.

, . 250
216. Tim chir sO tan cung ctia phan nguyén cia (\/g + \/E) .

. Tinh tong A:[\/ﬂ+[\/§]+[\/§]++[@]

218. Tim gia trji 16n nhat cia A =x%(3 —x) véi x> 0.

219. Giai phuong trinh : a) IYX+1+IY7—-x =2 b) Yx—-2++/x+1=3.

220. C6 ton tai cac sd hitu ti duong a, b khong néu : a) JE+JB =\/§ b) JE+JB=<‘/§.
221. Chimg minh cac sé saulasévoti: a) 5  h) ¥2+34

. . a+b+c
222. Chirng minh bat dang thuc Cauchy véi 3 s6 khong am : T > 3/abc .

! b Cc d . 1
223.Cho a, b, ¢, d > 0. Biét + + + <1. Ching minh rang : abcd <—.
l1+a 1+b 1+c 1+d 81

21

~
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2 2 2
L X z° X z .
224. Chting minh bat dang thtrc : —2+y—2+—22—+z+— Vol X,y,z>0

yv: 22 X2y z X
225.Cho a=33+43+¥3-%3 : b=2%3 . Ching minh ring: a<b.

, Y’
226. a) Chirng minh v41 moi s6 nguyén duong n, ta co : (1+ —j <3.
n

b) Chung minh rang trong cic s6 c¢6 dang Q/ﬁ (n 12 s6 tu nhién), sé 3/3 co gia tri 16n nhat

227. Tim gié tri nho nhit cia A =vX% + X +1++/X2 =X +1.

228. Tim gi4 tri nho nhat ciia A =x%(2 —x) biét x <4.

229. Tim gi4 tri 16n nhit cia A = x*y/9— X2 .

230. Tim gia tri nho nhat, gia tri 16n nhat cia A = x(x?— 6) biét 0 <x < 3.

231. Mot miéng bia hinh vudng c¢6 canh 3 dm. O mdi goc ciia hinh vudng 16n, ngudi ta cit di mot hinh vudng
nho r6i gap bia dé duge mot cai hop hinh hop chir nhat khong nap. Tinh canh hinh vudng nho dé thé tich cta
hop 1a 16n nhét.

232. Giai cac phuong trinh sau :

a) 1+3Yx-16 =¥x+3 b) Y2-x++/x-1=1

) Yx+1+3x-1=35x d) 232x-1=x>+1
0 i/x —3x—(x —1)\/x -4 2. f3 0 37 -x-3x-5 B

— =6-X
2 Y7-x+3 x-5
h) 3(x+1)% +Y(x-1)% +Ix2-1=1 ) Yx+1+IYx+2+3¥x+3=0
K) ¥1-x* +{1+x +¥1-x =3 ) Ya—x+4b—x =Ya+b—2x (a, blatham sb)

3,a4 + 3[a2b2 + 3,b4
a® +3ab +3b’
234. Tim gia tri nho nhét ctia biéu thuc : A= \/X2 —X+1+ \/X2 +X+1
235. Xéc dinh cac s6 nguyén a, b sao cho mdt trong cac nghiém cua phuong trinh : 3x° + ax? + bx + 12 =0 1

1+J§.

236. Chimg minh 3/3 1a s6 vo ti.

237. Lam phéptinh: a) Y1++2.83-242 b) $/9+4532-5.
238. Tinh: a=320+142 +320-142 .

239. Chimg minh : 37 +5v2 + 37245 = 2.

240, Tinh - A=({‘/7+«/@—{‘/28—16\/§).{‘/7+\/@.

241. Hiy lap phuong trinh f(x) = 0 vé&i hé s nguyén c6 mot nghiém 14 : x =33 +3/9 .
1

N

233. Ratgon A=

242. Tinh gié tri ciia biéu thite : M=x%+3x — 14 véi x=3/7+5y2 —

243. Giai cac phuong trinh : a) Yx+2+325—x =3.
b) ¥x-9=(x-3)>+6 c) VX2 +32-2¢x*+32 =3

244. Tim GTNN ciia bidu thirc : A = \/x3 + 2(1+ Jx® +1) + \/x3 + 2(1— Jx° +1) .

245. Cho céac sb duong a, b, ¢, d. Chimg minh: a+b+c+d > 4%/abcd .
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X
+3/x Ix -2 )| 3x2 +2Jx

247. CMR: X = Y517 + 45+ /17 1 nghiém cita phuong trinh x* — 6x — 10 = 0.

_ 32 3 3[,2
246. Ratgon: P = 8-x 2+ \/> + 3/;+ 2\/; \/X— 4 ; Xx>0,x#8
2-3Ix 2

1 7
248. Cho X = e +3/4—/15 . Tinh gia tri bidu thire y = x3 — 3x + 1987.
415

249. Chimg minh déng thirc - a+\2+5V9-4V5 — _3a-1.
Y2-B3No+a5 —3a? + 3
250. Chimg minh bét déing thirc : (\3/\/9+4\/§ +%/2+J§j.%/¢§—2—2,1<0.

251. Rut gon cac biéu thic sau :

1
Yfa* +3/a?0” +3Yb* b 4b 1+2i/; 24
a) A= = = b) - 7 |- 1|

/b
0 C{a%za%Wasz i‘/azb%/asz 1

+ . :
Ja® -3ab Ya-3b |32

252. Cho M =+/x? —4a+9 + /X2 —4x +8 . Tinh gi4 trj ciia biéu thirc M biét ring:
X2 —4x+9 —x?—4x+8=2.

253. Tim gi4 trj nho nhat cua: P = \/X2 —2ax +a’ +\/X2 —2bx+b® (a<bh)

254. Chiing minh réng, néu a, b, ¢ 1a do dai 3 canh ciia mot tam giac thi :
abc>(at+b-c)b+c-a)c+a-b)

255. Tim gia tri cia biéu thirc | x —y |bietx +y=2vaxy=-1

256. Bibta—b=~2 +1,b—c=+/2 - 1, tim gi4 tri ctia biéu thirc :
A=a?+Db%+c’>—ab—bc-ca

257. Tim x, y, z biét ring : X+y+2+4=2JX-2+4,/y—-3+642-5.

258. Cho y = v/ X+ 2/X —1 +4/X — 24X —1 . CMR, néu 1 < x <2 thi gié trj cita y 1a mot hing s6.
259. Phan tich thanh nhan tit : M =7/X-1—-x*=x? +Xx-1 (x> 1).
260. Trong tAt ca céc hinh chit nhat c6 duong chéo bing 8+/2 , hily tim hinh chit nhat ¢6 dién tich 16n nhat.
261. Cho tam gic vuéng ABC c6 cic canh goc vudng 14 a, b va canh huyén 1a c¢. Chirng minh rang ta luén c6 :
a+b
c> .
J2

262. Cho cac sb duong a, b, ¢, a’, b’, ¢’. Ching minh rang :

Néu +/aa' ++/bb’ ++/cc' = [(a+b+c)(@+b'+c) thigzgzg _

263. Giai phuong trinh : | x2-1]|+ | x?—4|=3.
264. Chung minh rang gia tri cua biéu thue C khong phu thude vao x, y :
4
Co 1 Xty (x+y)
\/;+\/§_ Jx+y ) 2Uxy 4xy
Jx+y  x+y

265. Chiing minh gi4 tri biéu thirc D khong phuy thudc vao a:

voix>0;y>0.
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voia>0 ; a£l

a+2Ja+l a-1 Ja
c—«/%}_ 1
a

D:{ 2++/a \/E—ZJa\/E+a—\/5—l

L ¢ a+c’
Jac+C +ac—a +ac
a) Rut gon biéu thure B.

b) Tinh gié tri cua biéu thirc Bkhic=54;a=24
c) Véigiatrinaocuaavacdé B>0;B<0.

267. Cho biéu thirc : A:(\/m+ 2mn +\/m— 2mn Nmi v6im=0;n>1

1+n 1+n? n?

Ja+ic

266. Cho biéu thic B = {\/5 +

a) Rt gon biéu thirc A. b) Tim gia tri cua A véi m =+/56 + 2445 .

¢) Tim gia tri nho nhat ctia A.

V14X B 1-x i_l_l—x X
1+ x=1-x  J1-x? -1+x i X )J1-x++1-x?

1 2\/; j( 2\/_} voix=>0;x#1.

268. Rat gon D =(

\/;—1_x\/;+\/;—x—1 X+1
a) Rt gon biéu thirc P. b) Tim x sao cho P < 0.
X% ++/x 2% + /X
XENR g ZXENX

X—+/X+1 J;

a) Rut gon y. Timx@é y=2. b) Gia sir x > 1. Chirng minh rang : y-|y|=0
) Tim gia tri nho nhat cua 'y ?

269. Cho P =£

270. Xét biéu thirc Y =

PHAN II: HUONG DAN GIAI

2

P m , m 5
1. Gid sir \/7 14 s6 hitu ti = /7 = — (ti gian). Suy ra 7 =— hay 7n? =m? (1). Déng thirc nay chimg to
n n

m?*:7 ma7lasd nguyénténénm : 7.Patm="7k (k € Z), tacod m?=49k? (2). Tir (1) va (2) suy ra 7n® =
49k nén n? = 7k? (3). T (3) talai con® : 7 vavi 71a s6 nguyén td nénn : 7. m va n cung chia hét cho 7 nén

, M . ‘ P .
phan s6 — khong tdi gian, trai gia thiét. Vay /7 khong phai 1a sé hitu ti; do do /7 1a s6 vo ti.
n

2. Khai trién vé trai va dat nhan tir chung, ta duoc vé phai. Tir a) = b) vi (ad — bc)? > 0.
3.Cach1:Tux+y=2tacoy=2-x.Doddo: S=x*>+(2-x)?=2(x-1)*>+2>2.
VayminS=2 < x=y=1.

Céch 2 : Ap dung bat dang thirc Bunhiacopxki véia=x,c=1,b=y,d=1,taco:
X+Y)P<(x2+y)(1+1) © 4<2(x*+y)=2S & S>2.=>mimS=2khix=y=1

bc . ca bc ,ab ca ,ab
4. b) Ap dung bat ding thic Cauchy cho cac cap sé duong — VA F ;—va —; va — , ta lan luot co:
a

a C b C

E+E>2’bc ca = 2c; E @>2 bC ab =2b; «“ a_b>2‘,ca ab =2a cong ting vé ta dugc bat
a b a b a ¢ a ¢ b ¢ b ¢

dang thirc can chimg minh. Dau bang xay rakhia=b =c.

. _r 3a+5b
¢) Vi cac s6 duong 3a va 5b , theo bat dang thirc Cauchy ta co : > >+/3a.5b .
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12 12
< (3a+5b)>>4.15P (viP=ab) < 122> 60P < PsE = max P = <

Déu bang xay rakhi 3a=5b=12:2 < a=2; b =6/5.

5.Tacob=1-a,dodoM=a+(1-a)’=3(@a—%)>+% > %.Déu“="xayrakhia="1%.

Viy minM=% < a=b=%.

6.Pita=1+x=b%=2-a3=2-(1+%x)3=1-3x-3x2—-x3<1-3x+3x>-x>=(1-x)>.

Suyra: b<l-x.Talaicoa=1+x,nén:a+b<1+x+1-Xx=2.

Voia=1,b=1thia®+b®=2vaa+b=2.Viy max N=2khia=b=1.

7. Hiéu cua vé trai va vé phai bang (a — b)?(a + b).

8.Vi|a+b|>0, |a—b|>0,nén: |a+b|>|a-b]| < a2+ 2ab + b?>a%—2ab + b?
< 4ab>0 < ab>0. Vaya va b la hai sé cing dau.

9. a) Xéthiéu: (a+1)’—-4a=a’+2a+1-4a=a’-2a+1=(@a—-1)>° > 0.

b) Taco: (a+1)>>4a;(b+1)>>4b; (c+ 1)>> 4c va cac bt dang thirc nay co6 hai vé déu duong, nén : [(a +

1)(b + 1)(c + 1)]> > 64abc =64.1 =82 Vay (a+ 1)(b+ 1)(c+1)>8.

10. a) Tacod: (a+b)?+ (a—b)2=2(a®+b?. Do (a—b)>>0,nén (a+b)? < 2(a®+b?).

b) Xét: (a+b+c)?+ (a—b)?+ (a—c)®+ (b—c)? Khai trién va rat gon, ta dugc :

3@ +b%+c?). Vay: (a+b+c)® < 3(a+b?+c?).

2x—-3=1-X 3Xx=4 X =
= =
2x-3=x-1

wl s~

11. a) |2x—3|=|1—x|<:{
X=2
X=2
b) X*-4x <5 (Xx-22<3P¥ o [x-2]<3 & -3<x-2<3 & -1<x <5.
c) 2x(2x—1) < 2x—1 < (2x—1)?> < 0.Nhung (2x—1)?> > 0,nénchico thé:2x—1=0
Vay: x=7r. , ‘
12. Viet dang thue da cho dudi dang : a2+ b?+c?+d?>—ab—ac—ad =0 (1). Nhan hai vé cua (1) v6i 4 roi
dua vé dang : a® + (a—2b)? + (a—2c)? + (a—2d)>=0 (2). Dodotaco:
aza-2b=a-2c=a-2d=0.Suyra: a=b=c=d=0.

13. 2M=(a+b—-2)>+(a— 1)+ (b—1)2+2.1998 > 2.1998 = M > 1998.

a+b-2=0
Dau “ = “ xay ra khi c6 déng thoi: 1a—1=0 Vay minM=1998 < a=b=1.

b-1=0
14. Giai tuong ty bai 13.
15. Pua dang thirc da cho vé dang : (x —1)?+4(y—1)?+ (x—-3)?+1=0.

1 1 1

5 = 5 S—.maxA:1<:>x=2.
X°—4Xx+9 (x—2) +5 5 5

17. @) V7 +V15<9+/16 =3+4=7. Vay 7 ++/15 <7
b) \/1_7+\/§+1>\/1_6+ 4+1=4+2+1:7:\/E>\/E.
9 23—5\/1_9<23—5\/1_6:23;2.4:5:\/£<\/ﬁ.

d) Giasu \/ﬁ>\/§©(\/ﬁ)z>(\/ﬁ)z o 3W2>23 < 18>12 < 18>12.

Bét ding thirc cudi ciing dung, nén : +/ 32 > \ 23 .
V2443
2

16. A=

18. Céc sb d6 co thé 1a 1,42 va

19. Viét lai phuong trinh dudi dang : \/3(X +1)° +4 + \/5(X +1)? +16 =6 —(x +1)°.
V‘é trai ciia phuong trinh khong nh6 hon 6, con vé phai khong 16n hon 6. Vay ding thirc chi xay ra khi ca hai vé
déu bang 6, suy ra x = -1.
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C a+b
20. Bat dang thirc Cauchy vab <

2
. a+b

viét lai dudi dang ab < (Tj (*) (a,b>0).

Ap dung bat dang thirc Cauchy dudi dang (*) voi hai sé dwong 2x va xy ta dugc :

( 2X + xyj2
2X.Xy < 5 =4

Dau“=“xayrakhi: 2x=xy=4:2taclakhix=1,y=2. =>maxA=2 < x=2,y=2.

21. Bét ding thirc Cauchy viét lai du6i dang : L>L Ap dungtaco S > 2@
Jab “a+b 1999

22. Chirng minh nhu bai 1.

2 2
23. a) —+y 2= X +y 2Xy (X y) >0. Vay §+X22
y X y X

2 2

b) Taco: :[ y—z] ( ] (X—2+y—2j—2(i+xj+(§+XJ Theocaua:

X y X y X

2 2
AZ[X_ZA_ZJ_Z[é
y X y

X4 4 2
c) Trcaubsuyra: [—4+y—4 - —2+y >0. Vi
Yy X

_I_

X <
N
_I_

N

I
X TN
N | X

[

H
N

_I_
7\
X <

|

H
~—

\Y

o

24. a) Giasit V1++2 =m (m:séhirut) = V2 =m?—1 = /2 1as6 hitu ti (vo 1)
3 , 3 ,

b) Gidsit m+ —— =a (a:séhifut) = ~— =a-m = 3 =n@-m) = /3 lasd hitu i, vo li.
n n

25. C6, chang han \/_+(5—\/_)—5

X_ Y Xy y* 2
26. Dit —+==a = S +—5+2= a’. D& dang chirng minh —+—Z 2 néna“ >4, do do
y X y X y? X

|a|>2 (1). Bit dang thtic phai chimg minh twong duwong véi : a®—2+4>3a

o a?-3a+2>0 o (a—-1)@-2)>0 (2)
Tir (1) suyra a > 2hodc a < -2.Néua>2thi (2) dung. Néua< -2 thi (2) ciing ding. Bai toan duoc
chung minh.
27. Bét dang thirc phai ching minh twong dwong voi :

x*'2? +y'x*+2'x% - (xzz +YoX+ zzy)xyz 0
>

X2y222

Can chimg minh tir khéng am, tirc 14 : x322(X — y) + Y*X3(y — 2) + 2%y*(z — x) > 0. (1)
Biéu thtrc khong d6i khi hoan vi vong x > Yy = z = x nén c6 thé gia st x 1 s6 16n nhat. Xét hai truong hop :
a)x >y >z >0.Tachz—x 6 (1)thanh— (X -y +y— z) (1) tuong du’O’ng Vol :
X2 (X —y) + XAy —2) - Z°yH(x - y) — Z°yH(y —2) 2 0
o @zz(X—y)(x yz)+y(y z)(yx 220
Déthiyx —y>0,x3—y*2>0,y—z>0, yx>—z° > 0 nén bit dang thirc trén dung.
b) x>z>y>0.Tachx -y ¢ (1)thanhx —z+z -y, (1) twong duong vdi :
x322(x —2) + X322z - y) - V¥X¥(z - y) - 22Y* (X —2) > 0
& Z2(x-2)(¢C - zy?) + X*(x2 ~ y*) 2 - y) = 0
D@ thay bat dang thirc trén ding.
Céch khac : Bién d6i bat ding thirc phai chirng minh tuong dwong voi :
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2 2 2
[5_1j J{X_ j +(E—1j +[§+X+Ej23.
y Z X y zZ X

28. Ching minh bang phan chimg. Gia sur tong cua sb hiru ti a voi sovotiblasdhitutic. Taco:b=c—a. Ta
thiy, hiéu cua hai s6 hitu ti ¢ va a 1a s6 hitu ti, nén b 1a sb hiru ti, trai voi gia thiét. Vay ¢ phai 12 sb vo ti.

29. a) Taco: (a+Db)?+ (a—bh)>=2(a%+ b2) = (a+b)?< 2(a? + b?).

b) Xét: (a+b+c)?+ (a—b)?>+ (a—c)?+ (b— c)? Khai trién va rat gon ta duoc :

3@ +b*+c?.Vay:(a+b+c)’< 3(@%+b%+¢?d)

¢) Tuong tu nhu cau b

30. Giasta+b>2 = (a+h)’>8 < a®+b®+3ab(a+b)>8 < 2+3ab(a+bh)>8

= ab(a+b)>2 = ab(a+b)>a®+b Chia hai vé cho s6 duonga+b: ab>a®—ab + b?

= (a-b)?<0,voli. Vaya+b<2.

31. Cach1: Tacé: [X] < X; [y] < ynén [X] + [y] < x+y.Suyra [X] + [y] 1a s6 nguyén khong vuot
quax +y (1). Theo dinh nghia phan nguyén, [X + y] 13 s6 nguyén 16n nhat khong vuot qua x +y (2). Tir (1)

va@)suyra: [x]+[y] < [x+y].
Céch 2 : Theo dinh nghia phan nguyén : 0< x - [X] <1l;0<y- [y] <l
Suyra: 0< (x+y)—([X] + [y])<2. Xét hai truong hop :
- Néuw 0< (x+y) —([x] + [y <1thi [x+y]=[x]+[y] @
- Néu 1< (x+y)—([x]+[yD<2thi 0< (x+y)—([x] + [y] +1) <1nén
[x+y] = [X] + [y] +1 (2). Trong ca hai truong hop ta déu o : [X] + [y] < [x+y]

32. Tacd x?—6x +17 = (x —3)% + 8 > 8 nén tr vi mau cua A 1a cac s6 duong , suyra A >0do d6: A 16n

, 1 , ,
nhat < A nho nhat < x?— 6x + 17 nho nhat.

1
Vay max A = § < X=3.

33. Khong dugc dung phép hoan vi vong quanh x 2y2>z>xvagiast x>y>z.
Céch 1: Ap dung bat dang thic Cauchy cho 3 s6 duong x, y,

Z:.
A=§+X+E233—XE_3
y z X \/yzx
Do do min[£+z+zj23@ X_Y_Z yoyog
y z X y z X
X z (X z X ,
CéChZZTaCé:—+X+—=(—+XJ+(X+——X).Tadﬁcé—+X22(dox,y>0)néndéch1’mgminh
y z x (y X Z X X y X
X z ‘ z
—+X+—Z3tachicénch1’mgminh:X+——X21 Q)
y z X Z X X

(1) < Xy +z%—yz>xz (nhan hai vé véi s6 duong xz)
= xy+z —yz-xz220 & y(x-2)-2(x-2)20 & (X-2)(y-2)=0 (2)
(2) dung voi gia thiét rang z 1a s6 nho nhét trong 3 s6 x, y, z, do d6 (1) dung. Tir d6 tim duoc gia tri nhd nhat

cﬁa§+z+£.
y z X
34. Tacox +y=4 = x*+2xy +y?=16. Talai c6 (x —y)* 2 0 = x* — 2xy + y* > 0. Tur d6 suy ra 2(x* + y*)
16 = x?+y*>8. min A = 8 khi va chi khi x =y =2.
35. Ap dung bat dang thirc Cauchy cho ba sb khong am :

l=x+y+z>3.3Xyz 1)
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2=(x+y)+(y+2)+z+x) 23 YX+Y)(Y+2)Z+X)  (2)
3
Nhan timg vé cia (1) v6i (2) (do hai vé déu khong am): 2>9.3/A = A< (gj

2y 1
max A = § khlvachlkhlx=y=Z:§.

36. a) Cothé. b,c) Khong thé.
37. Hiéu cua vé trai va vé phai bang (a — b)?(a + b).

1
38. Ap dung bat dang thtc — >

voiX,y>0:
Xy (x+y)’
a ¢ _a +ad+bc+cz>4(a2+ad+bc+cz) M
b+c d+a (b+c)a+d)  (a+b+c+d)?
2 2
ruongty D405 47 rabrcd ) o

c+d a+b  (a+b+c+d)?
b LC d >4(a2+b2+02+d2+ad+bc+ab+cd)

Co 1) voi (2 >
ong (Dvor @) et e d Tdra ath (@+b+c+d)?

=4B

5 _ 1 ., .. :
Can chung minh B > E , bat dang thirc nay tuong duong voi :

2B>1 < 2(@®+b?+c?+d*+ad+bc+ab+cd)>(a+b+c+d)?
o a?+b?+c2+d?-2ac—-2bd>0 < (a—c)?+ (b—d)>>0: dung.
39. -Néu0< x-[x] <% thio< 2x-2[x] <1nén [2x] = 2[x].
-Néu's< x-[x] <1thil<2x-2[x] <2 = 0<2x-(2[x] +1) <1 = [2x] =2[x] +1
40. Ta s€ ching minh tdn tai cac sb tu nhién m, p sao cho :
96000...00 <a+ 15p < 97000...00
%/_/ %/_J
m ch6&od m cho&God
a 15p k-1 k
Trc 14 96 < H+H 97 (1). Goia+151asécokchirsd: 10K 1< a+15<10

= i<ik+1—5k 1 (2). bat x, = ak EE Theo(2)tz;1cc’3xl<1vz§11—5k <1.
10 10° 10 10" 10 10

Cho n nhan 1an luot cac giatri 2, 3,4, ..., cdc gia tri cua X, tang dan, mdi lan tang khong qua 1 don vi, khi do
[X,] s& trai qua cac gia tri 1, 2, 3, ... Dén mt lic nao o ta ¢o [ X, | = 96. Khi d 96 < xp < 97 titc 14 96 <

% + iiOE < 97. Bat dang thirc (1) duoc chimg minh.
42. a) Do hai vé ctia bat ding thirc khong 4m nén ta ¢ :
|A+B| < |A|+|B| < |[A+BP< (|A|+|B|)
& A’+B?+2AB < A’+B?+2|AB| < AB < |AB| (bét dang thirc diing)
Dau “ = “ xay ra khi AB > 0.
b) TacO:M=|x+2|+|x-3|=|x+2|+|3—x|>|x+2+3—-x]|=5.
Déu “ = “ xay ra khi va chi khi (x + 2)(3 —x) >0 < -2 <x <3 (lap bang xét diu)
Viy minM=5 < -2<x<3.
c) Phuongtrinhdacho < |2x+5|+|x—-4|=|x+9|=|2x+5+4 —X|
< (2x+5)(4-x) > 0 < -52<x<4
x<-1

43. Piéu kién ton tai cia phuong trinh : x> —4x—-5>0 < { o5
) P

Dt 4n phu VX° —4Xx-5=y >0, tadugc: 2y’ -3y—2=0 < (y—2)(2y + 1) = 0.
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45. Vo6 nghiém
46. Pidu kién tdn tai cia /X 1ax>0.Dodéo: A=+/X +x>0 =minA=0 < x=0.
47. Piéukién:x <3.Pat V3—X =y>0,tacé:y?=3-X = x=3 -V

13 13 13 11
B=3-V?+y=-(y-%)Y+=< = maxB==—" o y=lh < x= =,
y +y=-(y-%) 2 2 2 y="% 2

48. a) Xéta?vab? Tiwrdosuyraa=>.

b) \/5 \/13+4\/_ \/5 (2\/§+l) \/4 23 =+3-1. Vayhalsonaybangnhau
c) Taco: (Jn+2—Jn+1)(Jn+2+Jn+1):1 va (JnT—J_)( J_):l.

Ma Vn+2+Vn+1>/n+1++/n nén Vn+2—Jn+l<Jn+1-nh.

49. A=1-|1-3x|+|3x-1P = (|3x-1]-%)?+% > %.
Trddésuyra: minA=% < x=" hodc x=1/6

51. M =4

52. x=1,y=2;z=-3

. 2
53lvzwx—zyw3—5x|z|5x—2+3—5x|:1.mmp:1<:-53xsg.

54. Can nhd cach giai mot sé phuong trinh dang sau :

a)%&:ch{AZO(BZO) b)%KZBC%FZOZ &) VA +JB - OC{A 0

A=B - B=0
B>0 Ao
d) |JA|l=B<<[A=B e) |Al+[B|=0s4 .
B:
A=-B

a) Pua phuong trinh vé dang : \/K = «/E .

b) Pua phuong trinh vé dang : \/K =B.

c) Phuong trinh c6 dang : JA+JB=0.

d) Pua phuong trinh vé dang : JA=B.

e) Pua phuong trinh vé dang: |A |+ |B|=0

g, h, i) Phuong trinh v6 nghi¢m.

k) Pit X —1 =y >0, dwa phuong trinh vé dang : | y—2 |+ |y—3 | =1 . Xét ddu vé tréi.

) Pat: ¥8X+1=u>0;+/3Xx-5=v>0;J7x+4=2>0;+2x-2=t>0.

u+v=z+t
Ta duoc hé : Z.Tfrdésuyra:u=zt1'):clé: \/8X+1=\/7X+4 = X =3.

u?—v?=z>-t

55. Cach 1 : Xét x2+y2—2«/§(x—y)=x2+y2—2\/§(x—y)+2—2xy=(x—y—\/i)2 >0.

2

>2\/_<:>(

2 2
Céch 2 : Bién d6i tuong duong ) >8 o (X*+y?)?-8(x—y)’>0

(x-y)

<:>(x2+y2)278(x2+y272)20<:>(x +y2)2—8(x°+y)+16>0 = (X2 +y>—4)2>0.

Céch 3 : St dung bt dang thirc Cauchy :
XT4+y" X+y =2xy+2xy (X-y) +2.1

(X—-y)+
J6+v2 62 —f6+2 62
Ty YET o heseXx=—e iy =

2

2 2 2 2 2 2 1
= = = (X - 221/(X—Y)-— (x>y).
X—y X—y X—y X -y X—y

Dau déang thirc xay rakhi X =
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11 1Y 1 1 1 1 1 1) 1 1 1 2c+b+a
62. | —4+—+=| =S5+ +5+2 —+—+— =S+ S+o+———— =
a b c a b c ab bc ca/) a b c abc
1 1

7 + g . Suy ra diéu phai chtrng minh.
2_16x+60>0 (x-6)(x-10)>0 x=6
63. Diéu kién : X oXARY= o T o< x>10< x>10.
X—6>0 X>6 6
X >

Binh phuong hai vé: x>~ 16X +60<x*—12x+36 < x> 6.
Nghiém cua bat phuong trinh da cho : x> 10.
64. Pidu kién x?>>3. Chuyén vé : Vx> -3 <x?-3 (1)

, X =+4/3
Dit thira chung : VX*—=3.(1- VX*-3) < 0 < |:X ~3=0 S x=2

2

Vay nghiém ctia bat phuong trinh : X = i\/é ;X>2;x<-2.

65. Taco x2(x2+2y°—3)+ (Y*-2)’=1 & (X2 +y?)?-4(x*+y?) +3=-x2<0.
Dodd:A?—4A+3<0 < (A-1)(A-3)<0 & 1<A<3.

mnA=1 < x=0,khidoy=+1. maxA=3 < x=0,khidoy== /3.

66. @) h<x#1l.

-4<x<4
16-x*>0 —4<x<4 23
X<4-—
b) B conghia < {2X+1>0 S{x-4)°>8< c>—l<x£4—2J§.
%2 —8x+8>0 XZ4+2\/§ 2
= X>—= 1
X>—=
2
67. a) A congh X' -2x=0 X(x=2)20 _ x=2
. a cO nghia < =
¢ X # +4X2 = 2X X% # X2 —2x x<0

b) A= 24x%—2x véi didu kién trén.
0) A<2 & YXP—2X <1 & xX2-2x<1 & (x-12<2 & -2 <x-1<2=kg

68. Pat 0,999...99 = a. Ta s& ching minh 20 chit s6 thap phan dau tién cia Ja 1a cac chit s6 9. Muén vay

20chodo®

chi cin chimg minh a< v/a <1. Thatvaytaco:0<a<1 = a(@a—1)<0 = a2~ a<0 = a?<a Tua’<a

<1suyraa<\/a<1.

Vay 0,999...99 =0,999...99.
20choso® 20chos08

69. a) Tim gia tri 16n nhat. Ap dung |a+b|>|a|+]|b]|.

A<|x|+ 2 +]y|+1=6++2 = maxA=6+ /2 (khichdnghanx=-2,y=-3)

b) Tim gi4 tri nho nhat. Ap dung |a—b|>|a|-|b.

A>|x|-V2 |y|-1=4-J2 = minA=4- 2 (khi chinghanx =2,y =3)

70. Taco: x*+y* > 2x%? ; yr+7* > 2y%2% ; 24+ x* > 272°%% Suyra:
X4+y4+z4 > X2y2+y222+22X2 (1)
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X . 1
Mit khac, dé dang ching minh duoc : Néua+b + ¢ =1 thi a? + b? + ¢? > 3
TPy 22 422 4 22 & L
Do d6 tir gia thiét suy ra : x°y° + y°z° + z°X* > 3 (2).
J3

. 1
Tr (1),2): mMnNnA=—- < X=y=z=1t—
1, 2) 3 y 3

71. Lam nhu bai 8c (§ 2). Thay vi so sanh Jn+Jn+2 va 2Jn+1 tasosanh /n+2—+/n+1 va
x/n+l—\/ﬁ.Tacc’): \/n+2—\/n+1<\/n+1—\/ﬁ:\/5+\/n+2<2\/n+1.

72. Céch 1 : Viét cac biéu thirc dudi ddu can thanh binh phwong ciia mot tong hodc mot hiéu.
Céch 2 : Tinh A? 16i suy ra A.

73. Ap dung: (a+b)(a—b) =a>—b?

74. Ta chimg minh bang phan chimng.

2
. ) A1~ P A r_8 Ao gean A A a X
a) Gia sur ton tai sO hiru ti r ma \/§+\/5 =r = 3+2415 +5=r2 = 15=T.Vetrallasovot1,ve

phai 13 56 hitu ti, v6 1i. Vay «/3 ++/5 14 56 vo ti.

b), c) Giai tuong tu.

75. a) Gia str a > b roi bién d6i twong duong : 3\/§ =3>22-1< 3\/5 >22+2

& (3V3) >(2V2+2) ©27>8+4+8V2 ©15>8V2 & 225>128. Vaya>b la ding.
b) Binh phuong hai vé 18n rdi so sanh.

76. Cach1:Dat A= yJ4+7 —\4—+/7 ,rorang A>0vaA2=2 = A= 2

Cach 2 : Pt B= yA+~7 —\4—~7 =2 = J2.B=+/8+ 27 —\[8-2J7 -2=0 =B =

0.

V2 3+ 2.3+\/ﬁ+2\/Z:(\/§+\/§+\/Z)+\/§(\/§+\/§+\/Z)

M G Bida A

78. Vit /40 =24/2.5;\/56 = 24/2.7 ; 140 =24/5.7 . Vay P= 2 +/5+4/7.
79. Tur gia thiét ta c6 : Xﬂ =1—y\/1—7 . Binh phwong hai vé ctia dang thirc nay ta dugc :
y=v1-x?.Tirdo: x2+y2=1.

80. X6t A2désuyra:2<A2<4. Viy:minA=+2 < x=+1: maxA=2 < x=0.

81. Tacoh: I\/Iz(\/5+\/5)2S(\/a+\/5)2+(«/5—\/6)2:2a+2b£2.

\/—:\/Baa:bzl.

a+b=1 2
82. Xét tong ciia hai s6 : (2a+b—2\/a)+(2c+d—2\/£):(a+b—2\/£)+(c+d—2\/a)+a+c =

=(a+C)+(J5—JB)2+(JE—JH)Zza+c>o.

83. N =146 +8V3+4/2 +18 =12+ 83 +4+46 +4/2+2 =
:\/(2\/§+2)2+2\/§<2\/§+2)+2:\/(2\/§+2+\/§)2:2\/§+\/§+2.

84. Tu x+y+z=\/@+\/ﬁ+\/§ — (*/;_\/9)2+(\/§—\/E)2+(\/E—\/§)2:o.

Vayx=y=z.
85. Ap dung bat dang thuc Cauchy cho 1 vaai (i=1,2,3,...n).

=1++2.

maxM=2<:>{
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86. Ap dung bat ding thirc Cauchy véi haisda+b>0va2+/ab >0, taco:

a+b+2ab >22(a+b)vab hay (va+b) >2,2(a+b)vab .

Dau “ = “ xay ra khi a=b.
87. Giastr a>b>c>0.Taco b+c>anén b+c+2\/R >a hay (\/B-I-\/E)Z >(x/§)2

Do do : \/B + \/E > JE . Vay ba doan théng \/5 , \/B , \/E 1ap duoc thanh mot tam gidc.
88. a) DPiéukién: ab>0;b #0. Xét hai truong hop :

* Truonghop 1: a>0;b>0: A_\/_(*/_ */_) \/7 Va—+b */_ \/7 -1,

2
* Truong hop2: a<0;b<0: AzL\z/b_—\/%:—\/%+l—\/%:l—2\/§.
—/b

(x+2)*-8x>0 <50
\ > \
b) Piéukién: {X>0 <:>{ 5" Vi cac diéu kién do thi :
X #
2
-2 o
JIx
5 Jx+2)2-8x  J(x=2)2x _|x=2+/x
- 2 -2 x=2
K- X
Jx

o Néu O0<x<2thi|x-2|=-(Xx-2)vaB=-X.
e Néux>2thi|x-2|=x-2vaB=+/X

2
a’+2 (Va2+1) +1 1 _
=va’+1+ . Ap dung bat dang thurc Cauchy:

\/a2+1: Jai+1 - a’+1

1 a’+2 ,
>2 [Va+1. =2. Vay > 2. Piang thirc xay ra khi
a®+1 a’+1

Jai+l= !
va®+1

93. Nhan 2 vé clia pt v6i \/E, ta duoc : ‘\/2x—5 +3‘+‘\/2X—5 —1‘ =4 & 52<x<3.
94. Ta ching minh bang qui nap toan hoc :

89. Tach:

val+1+

a’+1

< a=0.

a) Voin=1tacod: P1=%<i (*) dang.

3
b) Giasir: P, < L <:>1'3'5"'(2k_1) < L (1)
V2k+1 246..2k  2k+1
¢) Ta chting minh rang (*) dingkhin=k + 1, tic 1a :
P < 1 <:>135 (2k+1) 1 @
“15 Jok+3  246.(2k+2) 2k+3

2k +1 - N2k +1 3
2k+2 2k+3

Nhén theo timg vé cac bat ding thire (1) va (3) ta duoc bat dang thic (2). Vay V n e Z+ ta cd

Véi moi s6 nguyén duong k ta ¢o :
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o _135.@2n-1) 1

" 246.2n  J2n+1
2 2 3 3
95. Bién dbi twong duwong : a ++/b < ,/%+,/% o Ja+fp< N FND

Jab
o Vel < EEND D) o 5 <o b (4B 20 (i)

X —J4(x-1) >0
\ — l<x<?2
06. Didu kign : 1% TVAHX 1)20@{ xS

x*—4(x-1)>0 X>2
X-1#0
A 11 . X 2 2
Xét trén hai khoang 1 <x<2 va x>2.Kétqua: A:l— va A:—l
_X X_

105. Cach1:Tinh Av2. Cach2: Tinh A2
Cach3: biat v2x—-1=y >0,taco:2x—1=Yy>

a_V2x202x-1 V2x-2y2x-1 Y’ +l+2y Jy'+1-2y y+1 |y-d

2 V2 V2 2 2 2
Véiy>1 (taclax > 1), A:%(y+1—y+1):\/§.

. 1 1 2y
Véi0<y<1(ticla = <x<1), A=——(y+1+y-1)="2L =y /2 =4x-2.

108. Néu2<x<4thiA=2+2 Néux>4thi A=2+/x-2.
109. Bién doi : 1/x+y—2+\/§:\/§+ y . Binh phuong hai vé rdi rat gon, ta duoc :
J2(X+Yy—2) =/Xy . Lai binh phuong hai vé rdi rat gon : (2 — y)(x — 2) =0.

o Dap: x=2,y>0,x>0,y=2.
110. Bién do6i twong duong :

(1) & a®+Db2+c2+d%+ 2\/(a2+b2)(cz+d2) > a2 + ¢2 + 2ac + b2 + d? + 2bd

o \/(a2+b2)(cz+d2) > ac + bd D)

* Né:u ac +bd <0, (2) dugc chirng minh.
* Néu ac +bd >0, (2) twuong duong voi :
(a% + b?)(c? + d?) > a’c? + b2d? + 2abcd < a’c? + a%d? + b%c? + b%d? > a?c? + b?d? + 2abced
< (ad—bc)?>>0 (3). Bat dang thirc (3) dung, vay bt dang thic (1) duge chimg minh.
111. Cach 1: Theo bat dang thirc Cauchy :
2 2
a b+c a~ b+c a
—_—2 — —=a = Za————.
b+c 4 b+c 4 2 b+c 4
2 2
a+tc . C a+b
Tuong tu : >b- : >Cc—
a+c 4 a+b 4
2 2 2
g s a b C a+b+c a+b+c
Cong timg vé 3 bat dang thc : + + >(a+b+c)- =
b+c c+a a+b 2 2

Céch 2 : Theo BDT Bunhiacopxki : (a + b? + ¢?)(x? + y? + z?) > (ax + by + cz)?. Taco :

2 b+c

=2
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Jb+c Jc+a Ja+b
Jb+c+

K a j( b jz{;ﬂx[(m)a(mﬁ(mﬂ>

b? ¢ _a+b+c
+ + > .
b+c c+a a+b 2
+Y

2

a b? & 5
= + + [2(a+b+c)]>(a+b+c)* =
b+c c+a a+b

) X
112. a) Tanhin tong a + 1 dudi dang mot tich 1.(a + 1) va ap dung bdt Cauchy : /Xy <

w‘:§+1

Tuong tu : /b :ngl ; \/C+1:g+1

e a+b+c
Cong tirng veé 3 bat dang thuec : «/a+l+\/b+l+\/C+1£T+3:3,5.

Ja+l=l(a+) <

Diu“="xdyra<>a+1=b+1=c+1 < a=b=c=0, trai voi gia thiéfta+b+c=1.
Vay : Ja+1l++/b+1++/c+1<35.
b) Ap dung bét dang thirc Bunhiacépxki voi hai bo ba s6 :

(1aB+Lbre+1vera) <@ Lrdx| (Varb) + (vBrc) +(Vora) | =

(Ja+b+Jb+c+Jc+af5;Xa+b+b+c+c+ay=&:Ja+b+Jb+c+Jc+asJ€

OA=a;0C=b;0B=c;0OD=dvéia,b,c,d>0.Tacod: ﬁ
AB=+a’+c® :BC=+b*+c®: AD=+/a’+d? : CD =+/b? +d? A b
AC=a+b ; BD=c+d. Can ching minh : AB.BC + AD.CD > AC.BD.

That vay ta co : AB.BC > 2Sasc ; AD.CD >2Sapc. Suyra:
Suyra: AB.BC + AD.CD > 2Sascp = AC.BD.

Vay: (8 +¢) (07 +¢) + [+ 0 (b + ) = (a+ b)(c+d).

Chu y : Giai bang cach ap dung bat ding thirc Bunhiacopxki :
(M2 +n?)(x?+y?) > (mx+ny)’> v6i m=a,n=c,x=c,y=btacod:

(@ + )2 +b?) > (ac+cb)? = \/(a2+cz)(c2+b2) > actcb (1)

]
B
113. Xét ttr gidc ABCD c6 AC | BD, O Ia giao diém hai dudng chéo. »’

Tuong tu : \/(az +d2)(d2 + b2) > ad+bd (2).Cong (1) va(2) suy ra dpcm.

2
1 1 1 .
H4ngmmm:A:x+vx:GM+§)—ZZ—ZAmammAz——
PRI o 1 q ‘ q 1
Phan tich sai lam : Sau khi chimg minh f(x) > - 2’ chua chi ra truong hop xdy ra f(x) = - 2

L 1
Xay ra du déng thirc khi va chi khi /X = —5- Vol

Loi gidi ding : D& ton tai /X phaicé x>0.Doddo A=x+ /X >0. minA=0 < x=0.
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(x+a)(x+b) X* + ax+bx+ab
X X

Theobétdéngthl'rc Cauchy : X+@22\/% nén A22\/£ +a+b= (J5+JB)2
X

ab
2 X=—
min A = (a++/b)" khi va chi khi x < x=+ab.
x>0
116. Ta xét biéu thirc phu : A% = (2x + 3y)?. Nh¢ lai bat dang thirc Bunhiacopxki :
’ (am + bn)2 < (a% + b%)(m? + n?) (1)
Neéudpdung (1) véia=2,b=3, m=x,n=ytacod:
A= (2x + 3y) < (2° +390¢ + ) = 130" + ¥7).
Vi cach trén ta khong chi ra duge hing s6 a ma A? < o. Bay gio, ta viét A% dudi dang :

A? = (\/—\/_X-I-\/—\/éy) 10i 4p dung (1) ta c6 :
A? = [(JE)Z ; (@)Z}UX\/?)Z ; (y\/é)z} —(2+3)(2x% +3y?) <5.5=25

115. Tac6 A= (x+@j+(a+ b).
X

X =
DoA?< 25nén -5<A<5 minA=-5 < y & x=y=-1
2X+3y =5
X=y
max A=5 < < x=y=1
2x+3y=5

117. Pidukiénx < 2. Pit V2—X =y>0,taco:y>=2—X.

N|o©
0
<
|||
0
f
I

2
1Y 9 9
a=2-y’+y=—ly-=| +=<= = maxA=
ove{s-3] 82
118. Pidukién x>1;x>1/5;x>2/3 < x> 1.
Chuyén vé, rdi binh phuong hai vé : x —1=5x— 1+ 3x— 2+ 2J15x2 —13x+2  (3)
Rt gon : 2 — 7x = 24/15x2 —13x + 2 . Cin c6 thém didu kién x < 2/7.
Binh phuong hai vé : 4 — 28x + 49x? = 4(15x% - 13x + 2) < 11x2—24x+4=0
(11x-2)(x-2)=0 & x1=2/11; x> = 2.

Ca hai nghiém déu khong théa min dié}l kién. Vay phuong trinh dé cho v6 nghiém.
119. Dbiéu kién x > 1. Phuong trinh bién doi thanh :

\/x—1+1+‘\/x—1—1‘:2 PN \/x—1+‘«/x—1—1‘:1
*Néux >2thi: VX—14+VX-1-1=1< X—-1=1X =2, khong thudc khoang dang xét.
*Néul<x<2thi: VX—1+1-+Xx—14+1=2.V06 s nghiém 1< x < 2
Kétluan: 1< x < 2.
120. Didukién: x2+7x +7>0.Dat VX2 +7X+7 =y>0 = x>+ Tx + 7 =y2.
Phuong trinh dd cho tré thanh : 3y? -3+ 2y =2 < 3y?+2y-5=0 < (y—-1)By+5)=0

< y=-5/3 (loai);y=1.Véiy=1taco VX°+7X+7 =1 = xX*+7x+6=0 <
& (x+ 1) +6)=0. Cac gia tri x = - 1, X = - 6 théa man x2 + 7x + 7 > 0 1a nghiém ctia (1).

121. Vé trai : \/3(x+1)2+4+\/5(x+1)2+92\/2+\/§:5.

Véphai: 4 —2x—x?=5—(x + 1)?< 5. Vay hai vé déu bang 5, khi 6 x = - 1. V§i gia tri nay ca hai bat dang

thirc nay déu tro thanh dang thire. Két luan: x =-1
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5- . . .
122. a) Giastt 3—+/2 =a (a:hiuti) = 5-26 =a> = /6= . Vé phai 1a sb hitu i, vé trai 1
s V6 ti. Vo 1. Vay [3—+/2 12 56 vo ti.
b) Giai tuong tu cau a.
123. Pit +/X—2 =a, 4—Xx =D, tacd a?+b=2. S& chimg minh a + b < 2. Cong timg vé bét ding thrc :
2 2
asijﬁ;bsb+i.
2 2
124. Pat cac doan thang BH = a, HC = ¢ trén m{t duong thang.
Ké HA L BC v6i AH = b. D& thiy AB.AC > 2Sasc = BC.AH.
125. Binh phuong hai vé roi rat gon, ta dugc bat dang thire twong B2 : c
duong : (ad — bc)? > 0. Cha ¥ : Ciing c6 thé ching minh bang bat dang thirc Bunhiacopxki.

126. Giasir a>b>c>0. Theodébai: b+c>a. Suyra:b+c+2+/bc >a =
= (Vb++e) >(va) = vb+ec>a

Viy ba doan thang c6 do dai \/B , \/E , JE 1ap duoc thanh mot tam giac.
127. Taco a, b> 0. Theo bat dang thirc Cauchy :

2
(a+b)—ra+b::a+b(a+b+%jzxﬁﬁ(a+b+%j

A

2 4 2
Cén chirng minh : @(a+ b+ %j > aJE + b\/a. Xét hiéu hai vé :

@(%m%} - Jab(</a-+b) = \/%(a+b+%—\/5—\/5j - =@Kf_ljz+[f_iﬂ > 0

2 2

1
— hodc a=b=0.
4

/b+c b+c b+c+a
128. Theo bét dang thirc Cauchy : A< ( + lj 2=—-
2a
Do dé : . Tuong tu :
Vb+c a+b+c Va+c a+b+c Va+b a+b+c

Cong timg vé : \/ \/ \/ 2(a+ b+¢) =2.
b+c c+a a+b a+b+c

a=b+c

Xay ra diu dang thirc: a=b=

Xay ra ddu dang thirc : {b=c+a = a+b+c=0, trdi v6i gia thiét a, b, ¢ > 0.
c=a+b

Vay diu dang thic khong xay ra.
129. Cach 1 : Dung bat dang thirc Bunhiacopxki. Ta co :

(x\/l—y2 +yV1-X° )2 < (x2 —yz)(l—y2 +1—x2).
Pat x>+y?=m, tadugc: 1°<m@2-m) = (M-1)<0 = m=1 (dpcm).
Céch 2 : Tir gia thiét : X\/ZI.—iy2 =1—y\/1—7 . Binh phwong hai vé :
x2(1—y2)=1—2y\/1—7 +y(1-x%) = x2:1—2y\/m +y?
0:(y-\/ZI?)2 = y:ﬂ = x*+y?=1

130. Apdung |A|+|B|[>|A+B|. mnA=2 < 1< x < 2.
131. Xét A2=2+2+1-X% . Do 0<1-X? <1 = 2<2+21-x% <4
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= 2<A?<4 minA=+2 véix=+1, max A=2véix =0.
132. Ap dung bit ding thire : va@ +b? +/G +d? = \/(a+0)* + (b+d)? (bai 23)
A=~x+1 +\/(1—x)2+22 2\/(x+1—x)2+(1+2)2 =410

minA:\/E = 1_—X=2 = x:%.
X

—X*+4x+12>0 - {(x+2)(6—x)20
X2 +2Xx+3>0 (x+D(B-x)=0
Xéthidu: (-x>+4x+12)(-x>+2x+3)=2x+9.Do (1) nén 2x + 9>0nén A > 0.
Xét: A% = (\/(X +2)(6—X) —\/(X +1)(3-X) )2. Hién nhién A? > 0 nhung dau “ = khong xdy ra (vi A > 0).
Ta bién d6i A? duéi dang khac :

A2=(x+2)(6-X) + (x + 1)@ %) - 2/(X +2)(6—X)(X +D(3—X) =

= (x+1)(6—x) + (6 —X) + (X + 2)(3—X) — (3= X) - 24/ (X + 2)(6 —X) (X +1)(3—X)
= (x+1)(6 - x) + (x + 2)(3—X) - 24/(X +2)(6—X)(X +D)(3—X) +3

= (Jx+D(6-x) —\/(x+2)(3—x))2 3.
A’>3.DoA>0nén min A = \/§ voix = 0.

133. Tap xac dinh : { & —1<x<3 (1)

134. a) biéu kién : x> < 5.
* Tim gi4 tri 16n nhat : Ap dung bat dang thirc Bunhiacopxki :

AZ=(2x +1.4/5-x% 2 <22+ 1) (X2 +5-x%) =25 = A?<25.

X_ [ x>0
A?=25 12 & X =4(5-%x%) o x=2.
x*<5 x*<5

) Voix=2thi A=5.Vady max A=5v0ix=2.
* Tim gi4 tri nhé nhat : Chu y rang tuy tir A2 <25, ta c6 — 5 < x < 5, nhung khong xay ra

A2:-5.DotépxécdinhcﬁaA,tacéxzf5 = -\/g <x< \/E.Dodé:sz-Z\/g va

J5=x% >0. Suyra:A=2x+ \J5—x? 2-2\/5. MinA:-Z\/g V('TiX:-\/g

b) Xét biéu thirc phu | A | va ap dung céc bat dang thirc Bunhiacopxki va Cauchy :
A]=[x|(+/89./88 +14201-x7 ) <|x| (89 + D(99+101-x?) =[x|.10/200-x" <

x* +200-x*

<10 =1000

x% <101

N
1 Jho1-x2
x* =200-x°
mMin A=-1000 véix=-10 ; max A= 1000 véi x = 10.

< X=7110. Do d6: - 1000 < A <1000.

|A|=1000 <

Xy

_ . ay bx fa bx
Theo bat dang thirc Cauchy véi 2 s6 duong : Yy +—2>2 —y— =2+ab.
Xy Xy

135. Cachl: A=x+y=1(x+y)= [E+Ej(x+y)=a+ﬂ+%+b.
Xy
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Do dé Aza+b+2ﬁﬁé{J§+Jﬁf.

ay _bx
Xy
= b
minA:(\/a+\/B)2 w12 b )X a++/ab
x y=b++/ab
X,y>0

Céach 2 : Dung bét dang thirc Bunhiacopxki :

A:(x+y).1:(x+y)(%+sj2[\/€+\/EJ :(\/EJM/B)Z.

Tir d6 tim duoc gid tri nho nhat cia A.
136. A=(X+Y)(X+2)=X2+XZ+Xy+yZ=X(X+Yy+2)+yz 22\/Xﬂ(x+y+z) =2
min A =2 khi changhany=z=1,x = \/E -1.

zZ X pA
137. Theo bét dang thirc Cauchy : y ¥z > 2, / y ¥z =2Yy.
z X Z X

yZ ZX L 2X XY

Tuongty: —+—2>2Z ; —+—2>2X. Suyra2A>2(x +y+z)=2.
X Yy y z
: . 1
mlnA:1V01x=y=z=§.
x? y? 7° _ X+Yy+z e
138. Theo bai tap 24 : + + > . Theo bat dang thire Cauchy :
X+y Yy+zZ Z+X 2
+ +z Z+X L XHYHZ XY Yz HAzX 1
2y2 Xy;yTZ\/yZ;TZ ZX nen )2/ > y ;/Z ZE.

mnA=l o xey=z=l
139. ) A=(va+b) <(Va+vb) +(va-+b) =2a+2b<2
maxA=2 < {ﬁz% o a=b=2
a+b=1 2
b) Taco: ( ) ( ) (J’ J_) = 2(a’ + b’ + 6ab)
( ) <2(a’ +¢* +6ac) ; (Jam) < 2(a’ +d” + 6ad)
Tuong tw: (Vb ++/c ) <2(b? +¢* +6be) ; (Vb -+ ) <2(b? +d? +6bd)

(JE+J6) < 2(c? +d? + 6cd)
Suyra: B<6(a?+b?+¢?+d?+ 2ab + 2ac + 2ad + 2bc + 2bd + 2cd) = 6(a+ b+ c+ d)? <6
\/g:\/B:\/’:\/a@ 1

maxB=6 < a=b=c=d==
a+b+c+d=1 4

140, A=3+3 >2/33 =2J3F =24/3* =18. min A =18 viix =y=2.
141. Khong mat tinh tong quat, gia sira + b > ¢ + d. Tur gia thiét suy ra :
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b+C>a+b+c+d

“c+d a+b c+d
bata+b=x;c+d=yvdi x>y>0,taco:

2y 'y X 2y 2 X 2 2y x 2 2

b ¢ _b+c ( c ¢ j>a+b+c+d_(c+d_c+dj
c+d a+b) 2(c+d) c+d a+b

minA:\/E—% = d=0,x=y\/§,b+02a+d : chang han khi

a=+2+1,b=+2-1c=2,d=0

142. a) (X—3)2+(\/;—\/§)2=0. Pap s6: x =3.
b) Binh p}luong hai vé, dua vé : (x> +8)(x*—8x+8)=0. Dapsb : X:4+2\/§.
c) bapso: x=20.
d) VX—1=2++/X+1. Vé phai 16n hon vé trai. V6 nghiém.
e) Chuyén vé : \/X—Zm =1++/x—1.Binh phuong hai vé. Pap s6 : x = 1.
1
2
h) bat Jx-2 =y. Dua vé dang |y—2|+|y—3| = 1. Chu y dén bt ding thirc :

|y—2|+|3—y|2|y—2+3—y|:1.TimduchS y <3. Papsd:6< x <11.

g) Binh phuong hai vé. Papsd: = < x <1

: _ \ . 16
i) Chuyén vé :4/X++/1—X =1-+/x , 101 binh phuong hai vé. Pap : x =0 (cht y loai x = 2—5)

. 16
k) Papso: — .
S .
[) DBiéukién : x > 1 hoac x = - 1. Binh phuong hai v€ roi rat gon :

22(x +1)*(x +3)(x —1) = x> -1.
Binh phuong hai vé : 8(x + 1)2(X + 3)(x — 1) = (X + 1)’(x — 1)> = (x + 1)’(x — 1)(7x + 25) =0

2
X:—75 loai. Nghiém la: x==+1.

m) V& trai 16n hon x, vé phai khong 16n hon x. Phuong trinh v6 nghiém.

n) Piéu kién : x > - 1. Binh phuong hai vé, xuit hién diéu kién x <- 1. Nghiém 1a : x = - 1.

0) Do x > 1 nén vé trai 16n hon hodc bang 2, vé phai nho hon hodc bang 2. Suy ra hai vé bang 2, khi d6 x = 1,
thoa man phuong trinh.

p) bat \/2x+3+m:y;\/2x+2—m=z (1). Taco:
V2 —z22 =1+ 24X +2;y+z=1+2x+2.Suyray-z=1
Tirdo Z=~/X+2 (2). Tir (1) va (2) tinh duoc x. Pap s6 : x =2 (chti ¥ loai x = - 1).
q) bit 2x2—9x+4=a>0;2x—1>b>0. Phuong trinh 1a : \/a+3\/52m.Binhphu0nghaivér6i

.1
rat gon ta dugc : b=0hoacb=a. Pap so : 5;5

2 2 2(Vk+1-k)

5. == > = = _
144 Tacs: o=t e e Py e iy 2(Vk+1-k).
Viys Lottt 202 1)+ 2= 2) - 2B B) et 2T ) -
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=2(vn+1-1) (dpcm).
150. Pua cac biéu thirc dudi dau cin vé dang cac binh phuong dung. M = -2
151. Truc can thirc & mau timg hang tir. Két qua : A= +/n - 1.

. 1 (fa+dar) = P=—(y2+2n+1
152. Taco.\/g_\/aj (\/5+ a+l)=P (\/§+ 2n+1).

P khong phai 14 s6 hitu ti (ching minh bang phan chimg).

1 I N )
m+)vVn+nvn+1 n +Jn+1

LI S IR A

" RTET R R

155. Tacda+1= \/]7 Bién d0i da thirc trong ngodc thanh tong céc iy thira co sd a + 1
A=[(a+1)°-3(@+1)*-15(a+ 1) +52(a+ 1)*> — 14(a + 1)]?°®

= (25917 - 22517 - 3417 - 1)?0 =1,

. 1 1
156. Bién doi : \/5—\/61— =~ -Ja-2-+a-3= )
e Jarda1 Ja—2+42-3

1 1 1 1Y 1Y
157. X2 =X 4+==XP—X+=+X—IX+==| X==] + -~ | >0.
Vx 2 4 4 ( 2) (J_ 2)

153. Ta hay chirng minh :

154.

. . 5 , 1
Dau “ = “ khong xdy ra vi khong thé c6 dong thoi: X = > va VX = >

168. Trudc hét ta chimg minh: a+b<y/2(@%+b?) (*) (a+b>0)
Ap dung (*)ta co : S=\/x—1+\/y—2 S\/Z(X—1+y—2)=\/§

3

X—1=y—2 =5

maxS = \/_c{ y = é
2

* C6 thé tinh S? rdi ap dung bét ding thirc Cauchy.

~ 14 2 1 7
180. Ta phai c6 | A | < /3. D& thiy A > 0. Ta xét biéu thic : B=K=2— 3-x%.Taco:

0</3-x2 <3 = —B<—/3-x2<0=2-+3<2-3-x2<2.

minB:2—\/§<:>\/§:\/3—x2<:>x:O.KhidémaxA—m—Zh/_c>
& maxB=2 < /3- 2:O<:>X:i\/§.Khid(')minA=%
Az A M ’ r A ’ 2X 1 X
181. Bé ap dung bat dang thirc Cauchy, ta xét biéu thirc : B = 1— —— . Khido:
-X X
22X 1—x
— (@
B>2 12X 1—X_2\/§ B= 2\/_<:> 1-x X @
X X 0<x<1l (2)
Giai (1): 2x2=(1-x? < |x+2 |=|1-x|.Do0<x<1lnénxy2 =1-x <
1
< X= —J2-1.
J2 +1

Nhuvay minB=2+2 < x=+/2 -1.
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=2+1=3

Bay gio ta xéthiéu: A—B= ( 2 +1) (ZX +1—Xj 2—2X l 1+ X

1-x X 1-x X 1-x X
Do d6 min A =2+/2 + 3 khi va chi khi x=+/2 - 1.
182. a) Piéukién: x>1,y>2. Bét dang thirc Cauchy cho phép lam giam mot tong :

a+b 2T > Jab. O day ta mudn lam ting mot téng. Ta dung bat déng thirc : a+b < 4/2(a® +b?)
A=Ix-1+y-2<2(x-1+y-3) =42

-1=y-2 =15
maxA=\/§<:>{X y @{X
X+y=4 y=25

Céch khac : Xét A? rdi dung bt dang thirc Cauchy.

a+b
b) Piéukién: x >1,y>2. Bt dang thirc Cauchy cho phép lam trdi mot tich : vab < ——

Ta xem céc biéu thirc /X —1, \/y—2 la cé4c tich: \/X—lz\/]__(x_l) ’ \/y—2 _ \/2()/\/5—2)

m_l.(x—1)<1+x—1_l
X 2X 2
\/y 2_J2(y-2) _2+y-2_ 1 2
y WZ o oz 2 4

Theo bat dang thirc Cauchy :

. J‘ 2+J' x-1=1 - X =2
4 4 y—-2=2 y=4
183. a= L b= ! . Ta thiy /1997 ++/1996 < /1998 + /1997

1997 ++/1996 \/1998 +/1997
Néna<b.

. 1
184. a) min A=5-2+/6 véix =0. max A= = vGix = J6.

b) minB=0vsix=1%+/5. maxB=+/5 véix=1

2 2
185. Xét—1<x<0thiA<0.Xét0<x<1 thi A:«/xz(l—xz)s#:%.
x?=1-x2
maxA:1 Rt & X:Q
2 x>0 2

186. A=|x—y|>0, do d6 A 16n nhat khi va chi khi A? 16n nhat. Theo bdt Bunhiacopxki :

1Y 1 5
AZ=(x—y)2=|1x-=2y| <|1+=|(x* +4y}) =2
(xX-y) [xzy) (+4J(X+y)4

5 [mo1 2 O
maxA=— < < X 2 Rt 5 hodc 5

x> +4y* =1 y:ﬁ y:—ﬁ

10 10

187. @) Tim gid tri lén nhdt : Tir gia thiét :

0<x<1 x* <x? s s .
< & X +y Sx“+y° =1
O<y<1 y? <y?
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x® = x?
maxA:1<:>{ < x=0,y=1V x=1,y=0
y =y’

, X +
b) Tim gid tri nho nhat: (X +y)? < 2(x2+y?) =2 = x+y< \/E = ySl.Dod('):

N

(x3 +y3)(x+y)
N

x> + y3 > . Theo bét déng thirc Bunhiacopxki :

C+Y)(X+Y) :{(\/x_?’)2 +(\/?)2}[(\/;)2 +(ﬁ)2}2(Jx_3.&+\/F.ﬁ)2= (x2+y?) =1

minA:i<:>x:y:—
J2 2
188. Pit x =a;.Jy =b,tac6a,b>0,a+b=1.
A=at+b®=(a+b)(@a®—ab+b?=a’—ab+b?=(a+b)’>—3ab=1-23ab.
Doab>0nén A<1. maxA=1 < a=0hodacb=0 < x=0hodcx=1,y=0.
2

(a+b)” 1 ab<1 =1- 3ab>1. mlnA—1<:>x y—1
T4 4 4 4
189. Picukién:1-x>0,2-x>0nénx<1.Tacod:

VI=X +4/(Xx=1)(x - 2) —|x - 2|,/

& VI-X+J(X-D(x-2) —(x-D)(x-2) =3 < \/1—x =3 < x=-8.

Tacd ab <

190. Tach: 6+ 4x +2x> =2(x> + 2X + 1) + 4 = 2(x + 1)? + 4 > 0 v&i moi x. VAy phuong trinh xé4c dinh véi

moi gia tri cia x. Pat VX +2X +3 =y >0, phuong trinh ¢6 dang :

Y -y\2 -1220 & (y-342)(y+24/2)=0 & {yB\/E

y:—2«/§ (loai viy>0
Dodd VX?+2x+3 =32 < x2+2x+3=18 & (X-3)(X+5)=0 < x=3;X=-5.

1 1 1 1 1
- K _
(k+ Dk J_(k+1)k \/—(k k+1) J_(JW\/MJ(JE \/k+1j

191. TacdH:

:£L+ﬁ£%J(jE_J£?i)[”d& m+$¢i<2(j__Ji_J'
1 1 1

Vay: —+ + +...+ L <2(1—ij+ ( j+ +2( ! J
T2 32 43 (n+1)/n J2 NG Jn+l
- _ 1 c

= 2(1 MJ<2 (dpcm).

A 1 2
192. Dung bat dang thuc Cauchy ——>—— (a,b>0;a#0).
Jab a+b

193. Pitx—y=a, Vx + .y =b (1) thi a,beQ.
a) Néub=0thix=y=0,dodo /x , \Jy €Q.

X+f.b:J‘Jl—eQ<a
Tﬁ(l)vé(Z):\/;ZE( —jeQ Jy = (b——) Q.

b) Néub # 0 thi
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199. Nhan xét : (\/x2 +a’ +x)(\/x2 +a’ —x):aZ. Do d6 :
542 5(\/x2 +a’ +x)(\/x2 +a’ —x)
2(x+\/x2+a2)§— (1)<:>2(x+\/x2+a2)s
Vx? +a? Jx? +a
Doa#0nén: VX’ +a’ +x>\/x_2+x=|x|+x20.Suyra: Vx?+a®+x>0, vx
x<0

Viviy: (1) < 24X +a? SS(\/x2+a2—x)<:>5xs3 x?+a? < | (x>0
25x° < 9x* +9a’

X<0
3
3, , & X<=.
0<X<=[q 4
4
207. ¢) Trudc hét tinh x theo a dugc X 1-2a Sau d6 tinh v1+ x> dugc L
. X 0 = —F—— . Sau )¢ —F/—.
2\ /a(l—a) 2\Ja(l—-a)
Papsd: B=1.

d) Tacoa’+1=a’>+ab+bc+ca=(a+b)a+c). Tuongty: ’
b>+1=(b+a)b+c); c2+1=(c+a)c+b). Papsdo: M=0.

208. Goi vé traila A >0. Taco A2=2)\(/i4.8uyradiéuphéi chtrng minh.
X
2. 1 AR+ a2 2 2 1 3
209. Taco: a+b:-1,ab:-znen. a“+b =(a+bh) —2ab:1+—:5.
a“+b“:(a2+b2)2—2a2b2:g—lzg;a3+b3:(a+b)3—3ab(a+b):-1-§=—Z
4 9 8 4 4
7 17 1 239
Dodé:a’+b'=(@@+bd)@*+b"-a(a+b)= ————| — |(-1)=——.
0ce-a (D) b) ~abia+b) 48(64j() 64

210. a) a’=(2-1)%?=3-2/2=+9-48.
¥ =(2-1%=242-6+3J2-1=5{2-7=+/60-/49.
b) Theo khai trién Newton : (1- N2)"=A-B2 : 1+ 2" =A+B/2 v6iA,BeN
Suyra: A2—2B2= (A+B~2)A-BV2)= [+ V2)(1- V2)I"= (D"
Néu n chin thi A2-2b%=1 (1).Néunléthi A>—~2B>=-1 (2).
Bay gio ta xét a". Co hai truong hop :
* Néun chén thi - a"= (2 -1)"=(1- V2)"=A-B+/2 = VA? —/2B? . Didu kién
A% _2B? = 1 duoc théa man do (1).
*Néunléthi:a"=(x2 -1)"=-(1- +2)"=B+/2 - A= +/2B? —J/A? . Didu kién
2B% — A? =1 dugc thoa man do (2).
211. Thaya= \/E Véophuongtrinhdﬁcho:2\/§ +2a+b\/§ +c=0
o 2(+2)=-(2a+0).

Do a, b, ¢ hitu ti nén phai c6 b+2=0do do2a+c=0. Thayb=-2, ¢ = - 2a vao phuong trinh da cho :

xXB+tax?—-2x-2a=0 o x(x*-2)+a(x*-2)=0 < (x*-2)(x+a)=0.

Cac nghi¢m phuong trinh da cho la: + \/E va - a.

212, Pt A= 4t

1
\/§+ﬁ+...+ﬁ .

a) Chitng minh A > 2Jn -3 :Lam giam mdi s6 hang cia A :
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1 2 2
T e Akt

Do d6 A>2[(—\/§+\/§)+(—\/§+\/Z)+...+(—\/ﬁ+\/n+1)}=
=2(Jn+1-2)=2Vn+1-22 >2Jn+1-3>2n -3.
b) Chitng minh A < 2Jn -2 : Lam troi mdi s6 hang ciia A :

1 2 2
R TSR T e A

Do d6 : A<2[(%—M)+...+(\/§—\/§)+(\/§—\ﬁﬂ:2\/5—2.
213. Kihi¢u a, :\/6+\/6+...+\/6+\/6 c6n dau cin. Taco :

a,=V6<3;a,=6+a, <\/6+3=3;a,=./6+a, </6+3=3...a,, =/6+a, </6+3=3Hién
nhién aoo > \/5 > 2. Nhu vy 2 <aig < 3, dodo [awn] =2.
214. a) Céch 1 (tinh tryc tidp) : a?= (2 + +/3)?=7 + 44/3.
Taco 4/3=+/48 nén6<4+/3<7 = 13< a’<l14. Viy[a?]=13
Céch 2 (tinh gian tiép) : Dat x = (2 + /3)2thi x=7+4+/3 .
Xét bidu thic y = (2 - V/3)2thi y=7-4+/3. Suyra x +y=14.

Dathdy0<2-+/3 <1nén0< (2 V3)2<1,tacla0<y<1.Dodé 13 <x < 14.
Vay [x]=13 ticla[a%] = 13.

b) Papsd: [a®]=51.
215, Datx—y:a-\/?+\f=b (1) thi a va b 14 6 hitu ti. Xét hai truong hop :

x+f b
&:E(mgj la s6 hiru ti ; \/_:%(b_%j la s6 hiru ti.

b) Néub =0 thi x =y =0, hién nhién /X , \/y 12 s hitu ti.

a) Néub # 0 thi = \/_ \/_—— lasbhiruti (2). Tur(1)va(2)tacod:

.1 In (1 1 1 1 1)

216. Taco (n+DJn  n(n+1) _\/ﬁ(n n+1j \/_(\/_ Jn +1j(\/ﬁ Jn +1)_
(oA )11 B o -

—[14— \/n+1J(\/ﬁ \/n+1]<2(ﬁ mj Tt do ta giai dugc bai toan.

217. Chimg minh bing phan chtng. Gia sir trong 25 sb tu nhién da cho, khong c6 hai s nao bang nhau. Khéng
mat tinh tong quat, gid st a1 <@ <....<azg. Suyra:ai>1,a2>2, ...

i+i+ +L<i+i+ +i
\/a \/g ,—azs _\/i \/E \/g
2 2 2

1 1 1 1
——t =+t —=+—F= + ot ——=+1<
NN 7 RN AN N - RN 7 I T N T -

<@im+mim+....+ﬁiﬁ+1=2(\/%—\/ﬁ+\/ﬂ—\/ﬁ+....+\/§—\/i>+1:

:2(@—\&)+1=9 )

a5 > 25. Thé thi : (1). Talaico:
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Tu(l)va(2)suyra: <9, trai v6i gia thiét. Vay ton tai hai sé bang nhau trong 25 sb

R
ar,a2, ..., azs.
218. Pidukién: 0<x<4. Pit J2+/Xx =a>0:+/2-/x =b>0.

A - - 2 2 _ 3 \ 2 b2
TaCO.ab—m, a° + b”=4. Phuong trinh 1a : \/_+a \/_ b \/E
= a?/2 -2+ b2/2 +ab? = 2 (2-b2 +a/2 -ab)
— JJ2(@+b?—2+ab)—ab(a—b)=2(a—bh)
= J2@+ab)=(a—h)(2+ab) (chay: a®+hb?=4)
= a-b=+/2 (do ab+2#0)
Binh phuong : a2 +b?-2ab=2 = 2ab=2 = ab=1 = J4—x = 1. Timduoc x=3.
7 a-1
=—

219. Pidukién: 0<x <1, a>0. Binh phuong hai vé ri thu gon : vY1—X

2\/a

Véi a > 1, binh phuong hai vé, cudi cing duge : x = R
a-+

Diéu kién x < 1 théa man (theo bat dang thirc Cauchy).

£ 1A A1 a .
Kétlun : Nghiémla x= ——. V61 a> 1.
r r 7a+1 2
220. Néux =0thiy=0,z=0. Tuong tu déi V('yiyvaz Néu xyz # 0, hién nhién x,y,z>0

2
Tt h¢ phuong trinh da cho ta c6 : \/_ = <—y \/_
1+y 2\/7
Tuong tu ﬁﬁﬁ;ﬁﬁ& . Suyra x=y=z Xayradiu“=" 0 cic bat dang thirc trén véi x=y=z=
1. Kétluan: Hainghiém (0;0;0), (1;1;1).
. ) . 1 .
221. a) bat A=(8+3\/7)7. Dé chiing minh bai toan, chi can tim s6 B sao cho 0 <B < 07 va A+Blaso

tu nhién.
Chon B = (8 - 3+/7 ). D& thiy B> 0 vi 8 > 3+/7 . Tacé 8+347 >10 suyra:
1
g = (8- 3\/_) <—
(8+3V7) 10
Theo khai trién Newton ta lai c6 : A=(8+3\/7)7=a+b\/7 voi a, b € N.
B=(8-3\/7)7=a—b\/7. Suyra A+ B=2alasb tunhién.

1 . C . .
Do0 < B < 0 va A + B 1a so ty nhién nén A c6 bay chir s6 9 lién sau dau phay.

Chay : 10" 7 =0,0000001.

b) Giai twong tu nhu cau a.

222. Ta thiy véi n 14 s chinh phuong thi \/n 13 s6 ty nhién, néu n khac sé chinh phuong thi /n 14 s vé i,
nén \/_ khong c6 dang .. 5 Do d6 tmg véi mdi sé n € N™ ¢6 duy nhat mot sé nguyén an gan \/ﬁ nhit.

Ta thay rang, voin bang 1,’2, 3, fl, 5,, 6,7, ... 'Ehl an bang 1,1,2,2,2,2,3,... Tasé cnung minh rang an lan
lugt nhan cac gid tri : hai s0 1, bon s6 2, sdu s6 3... No6i cach khéc ta s€ chung minh bat phuong trinh :

1 1
1—5 < \/; <1+ E ¢6 hai nghiém ty nhién.

1 1 .
2— E < \/; <2+ E ¢6 bon nghiém tu nhién.
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1 1
3- 2 <AX <3+ 2 ¢6 sau nghiém tu nhién.
2 , 1 1 ‘A ‘A ne A £, a2 , L 2
Tong quat : K — > <X <k+ > c6 2k nghiém ty nhién. That vy, bat dang thirc twong duong véi : k% —k +

1 1 .
n <X < kK+k+ 7 RO rang bat phuong trinh nay c¢6 2k nghiém tunhiénla: k>~ k+1 ; kK>—k+2 ; ...

‘k?+k. Dodo:
l+i+...+i: }+} + l+1+1+l +...+ i+i+...+i =2.44=88.
a a A |1 1) |2 2 2 2 44 44 44

2 soa 4 soa 88 soa
223. Giai tuong tu bai 24.
a) 1 <a<2 Vay [an]=1. b) 2 < a, < 3. Vay [an] =2.
¢) Tathdy: 44>=1936 < 1996 < 2025 = 457, con 462 = 2116.

a1= 41996 =44 < a; < 45.

Hay chiing to v&éin > 2 thi45 < ap < 46.
Nhu vay voin=1thi [an] =44, véin > 2thi [an]=45.
224. Can tim s6 tu nhién B sao cho B < A< B+ 1. Lam gidm va lam trdi A dé duoc hai s tu nhién lién tiép.

TacH: (4n+1)> < 16n°+8n+3 < (4n+2)? = 4n+1 < 416N°+8n+3 < 4n+2
= 4n?+4n+1 < 4n*+ {16N° +8n+3 < 4n’+4n+2 < 4n’+8n + 4

= (2n+1)? < 4n? + 416n° +8n+3 < (2n + 2).
7 Ldycinbichai: 2n+1 < A < 2n+2. Vay [A]=2n+1.
225. Dé chirng minh bai toén, ta chi ra s y thoa mén hai di€ukién: 0 <y < 0,1 ().
x +y la mdt sO ty nhién c6 tdn cung bang 2 (2).
200 .
Ta chon y = (Jé—ﬁ) .Taco 0 < /3-+/2 < 03nén 0 < y < 0,1. Pidu kién (1) dugc chimg minh,
Bay gio ta chirng minh x + y 1a mét s6 tw nhién c6 tan cing bang 2. Ta ¢6 :
200 200 100 100
x+y=(\/§+\/§) +(\/§—\/§) :(5+2\/6) +(5—2«/€) :
Xét biéu thirc tong quat Sp=a" +b" voia =5 +2+/6 ,b=5-24/6.
Sh=(5+2+6)"=(5-2/6)
A va b c6 tong bang 10, tich bang 1 nén chiing 1a nghiém cua phuong trinh X?-10X + 1 =0, tirc 1a: a?=10a -
1 (3);b>=10b-1 (4).
Nhan (3) véi a", nhan (4) véib":  a™2=10a"'—a" ; b™?%=10b""1 - b".
Suy ra (an+2 + bn+2) = lo(an+1 + bn+1) _ (an + bn),
tic 1a Sp+2 = 10Sp+1 — Sh, hay Sh+2 =- Spt1 (mOd 10)
Do d6 Sh+s = - Spe2 = Sp (mod 10)  (5)
Tacd So=(5+26)°+(5-2/6)°=1+1=2: S;=(5+26) +(5-26) =10.
Twr cong tl}ﬁ:c (5)taco Sz, Ss, ... s Snla so tu nhién, va So, S4, Sg, ..., S100 c6 tan cung bang 2,‘t1'rc la tong x +
y 1a mdt sO ty nhién c6 tan cung bang 2. Picu kién (2) dugc ching minh. Tu (1) va (2) suy ra di€u phai chung
minh.
, ) 250 125 . , .
226. Bién doi (\/é + \/E) = (5+ 2\/6) . Phan nguyén ctia n6 c6 chir s6 tan cung bang 9.

(Giai tuong tu bai 36)
227. Tacoh:

A =[]t [VB]) ([Na o [VB) (VO] ot [ V5 ) +([ V2B ]+ .+ V24

Theo cach chia nhém nhu trén, nhém 1 ¢6 3 s6, nhém 2 ¢6 5 s6, nhém 3 ¢6 7 s0, nhom 4 ¢6 9 so. Cac so thudc
nhém 1 bang 1, cac s6 thudc nhém 2 bang 2, cac s6 thudoc nhém 3 bang 3, cac s6 thudoc nhém 4 bang 4.
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Vay A=13+25+3.7+49=70
. X X , v .
228. a) Xét0 < x < 3.Vict A dudidang: A=4. 22 .(3 — x). Ap dung bat dang thirc Cauchy cho 3 so0

3

XX i3-x
X X X X
khongam =, =, (3—x) taduge : ~ .~ .(3-x) < | 2—2 | =1
2 2 2 2 3
Dodd A <4 (1)
X_3-x
b) Xétx > 3,khidd6 A < 0 (2). Sosanh (1) va (2)tadi dénkétluan maxA =4 < {2 o x=2.
x>0

229. a) Lap phuong hai vé, ap dung hang dang thirc (a + b)® = a° + b® + 3ab(a + b), ta duoc
x+1+7—x+3.3/m.2=8 & (X+D(7-X)=0 < x=-1; x="7(thoa)
b) Pibukién:x > -1 (1). Pat Ix—2=y;/x+1=2.Khid6 x—2=y2;x+1=2°
y+z=3 (2)
nén z2—y® = 3. Phuong trinh da cho duoc dua vé hé :{z° —y* =3 (3)
z>0 (4

Ritztir(2): z=3—y. Thayvao (3): y°—y*+6y-6=0 < (y-1)(y’+6)=0 < y=1
Suyra z =2, thoa man (4). Tr d6 x =3, théa man (1). K&t luan: x =3.

230. &) Co, chang han : \/%+\/% = \/5

b) Khong. Gia sir ton tai cac sb hiru ti duong a, b ma \/a + \/B = (‘/E . Binh phuong hai vé :
a+b+2Jab=+2 = 2Jab=2-(a+Db).

Binhphuong2vé:4ab=2+(a+b)2—2(a+b)\/§ = 2(a+b) J2 =2+ (a+b)*—4ab

V& phai 1a s6 hitu ti, vé trai 1a s6 v ti (via+ b #0), mau thudn.
3

) N AL~ 2 m A A LAs oo m ~ , . M 5 X A
231. a) Giasu 3/3 laso httuti — (phén s to1 gian). Suy ra 5 = —-. Hay ching minh rang ca m lan n déu
n n
. A e so < A m \ A A LAs +o
chia hét cho 5, trai gia thiét — 1a phan so to1 gian.
n

b) Gidast ¥2+34 1aséhiuti — (phan sb téi gian). Suy ra :
n

L 37\ 3fg M 6m 3 3 2 3 .
—3:(\/2+\/4) =6+338.—=6+— = m’=6n*+6mn° () = M*:2 = m:2

n n n

Thay m=2k (k € Z) vao (1) : 8k®=6n°+ 12kn?> = 4k® = 3n® + 6kn?. Suy ra 3n® chia hét cho 2 = n®chia

4 . A A < <\ . A . r: o to < A m S A A LA o
hét cho 2 = n chia hét cho 2. Nhu vay m va n cung chia hét cho 2, tri voi gid thiét — 1a phéan so toi gian.
n

a+b+c

232. Cach1: Pata=x%,b=y?, c = z% Bt dang thirc cAn ching minh > J/abc tuong duong véi

3 3 3
X2 +y°+2 S
X+y+z . xyz hay x3+y®+2z%—3xyz > 0. Ta c6 hang dang thuc :

X*+y>+2° - 3xyz = %(X Yy +)[(x-y) + (y-2)° + (z-x)?]. (baitap sbt)
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a+b+c
Doa,b,c>0nénx,y,z>0,doddx3+y+2z%—3xyz>0. Nhu vay : ng/abc

, Xay ra dau dang thirc khi va chi khi a=b=c.
Cach 2 : Trudce hét ta chirng minh bat dang thirc Cauchy cho bon s6 khong am. Ta ¢o :

w:}(ﬂ+ﬂj2%(@+@)zﬂ/@_@ P

4 2\ 2 2
4
Trong bt dang thuc (M) > abcd |, dat d:a+—bJrC ta duoc :
3
a+b+c+EiElLE 4 4
2abc.a+b+C:> a+b+c 2abc.a+—b+c.

4 3 3 3
a+b+c

Chia hai vé cho s6 duong (truong hop mot trong céac s a, b, ¢ bang 0, bai toan dugc chimg minh) :

3
(“”—g“’j > abe < ‘”—g*‘:z%/abc.

, a+b+c
Xay ra dang thtec : a=b=c=T < a=b=c=1

b c d a 1 o .

+ + <1-——=——_ Ap dung bat dang thicc Cauchy cho 3 s6
b+1 c+1 d+1 a+l a+l

1 _b ¢ d >\/ bed

duong : > 3 . T
(b+D(c+D(d+1)

233. Tir gia thiét suy ra :

> + + >3 uong tu :
a+1l b+1 c+1 d+1

1 3_?(/ acd
b+1 (a+)(c+H(d+1)

J abd
——2>3.3
c+1 @+D(b+D(d+1)

> 3.§/ ahe
d+1 @+)(b+1(c+1)

C 1
Nhan tir bon bat dang thie : 1> 8labed = abed < i

x> y* 7 -
234. Goi A=—+—=+—. Ap dung bat dang thirc Bunhiacopxki :
y> z° X
2 2 2 2
X 4 X z
3A:£—2+y—2+—2j(1+1+1)2(—+x+—j (1)
y> zZ° X y z X
. T . X y4 X y4
Ap dung bat dang thirc Cauchy véi ba so khong am :  — + y +—2>3.3— .X.— =3 (2
y z X y Z X
2
. X Y4 X y4 X Z
Nhan timng vé (1) véi (2) : SA(_+X+_j23(_+X+_j :>A2—+X+—
y z X y z X y z X

235, Pat x=33+33;y=33-33 thi ¥+y3=6 (1). Xéthiéub?— a3, ta dugc :
bP—ad=24—(x+y)3=24—(x3+y) - 3xy(x +Y)
Do (1), ta thay 24 béi 4(x3 + b3), tacé :
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b —a® =40 + %) — (x* + %) = 3xy(x +y) = 30 + y°) - 3xy(x +y) =
=3(X+Y)(X* —xy +y?—xy) =3(x +Y)(X~y)’> 0 (vix >y > 0).
Vay b® > a3,dod(')b_> a.
236. a) Bit dang thic dung v6i n=1. Vi n > 2, theo khai trién Newton, ta ¢0

(1+%j”_1 11, nn-) 1 nn-H(n-2) 1 n(n-1..21 1

n 2l n? 3l n n! n"
< 1+1+(£+1+...+ij
2l 3 n!
Déda‘mgchﬁ‘ngminh:l+l+...+iﬁi+i+...+ ! =
2! 3 n 12 23 (n=Dn
—1—E+E—1+...+i—1=1—1<1 Do d6 (1+1)”<3
2 2 3 n-1 n n n

b) V6i n=2, taching minh 33 >+/2 (1). That vay, (1) < (%/5)6 >(J§)6 o 32522
Véi n > 3,tachimgminh Un>"Yn+1 (2). Thatvay:

2 < n+\J/n+1n(n+l)< {‘/ﬁn(n+l)<:>(n+1”<n”+l<:>(n+l) <n<&e 1+£ <n (3)
n" n

\ (1Y .
Theo céu a ta co (1+ —j <3,ma3 < n nén (3) dugc chung minh.
n

Do d6 (2) dugc chirng minh.
237. Cach1: A? = 2(x2 +14 X+ X +1)z4. min A=2 véi x =0.
Cach 2 : Ap dung bét ding thire Cauchy :
> 2{‘/(x2 XD —x+1) = 24 +x2+1>2
min A=2 véi x=0.

238. V6i x < 2thi A >0 (1). V6i 2 < x < 4,%ét - A=x*(x~-2). Ap dung bét dang thirc Cauchy cho
ba so khong am :

X Xix-2 3 3
A Xx-2)<| 22~ T _[ZX=2) g
2 3 3

N
N | X

‘ SA <32 = A>-32. mnA=-32 véi x=4.
239. Piéukién: x* < 9.
X2 2 3
X2 2 42 49-x?
A% = x*(9—x2) = 4?—(9 x2) < 4| 2 23 = 4.27

max A = 6\/§ voi X =% \/5
240. a) Tim gia tri 10n nhat :

Cach1:Vsi0 < x < /6 thi A=x(x2—6) < 0.
Véi x > +/6.Taco V6 <x<3 = 6<x2<9 = 0<x2-6<3.
Suyra X(x2—6) < 9. max A=9 véi x =3.
Cach2: A=x(Xx*-9)+3x.Taco x > 0, x>~9 <0,3x <9, nén A <9,
) max A=9 voi x=3
b) Tim gia tri nho nhat :
Cachl: A = x3—6x = X3+ (2+/2)°—6x — (24/2)% == (x + 2/2)(x2- 2+/2 x + 8) — 6x - 16~/2
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= (X+242)02- 242 x+2) + (x + 2/2).6 - 6x - 16+/2= (x + 24/2)(x - \2)2- 442 > - 442
minA = -4+/2 véi x = /2.
Cach 2 : Ap dung bat dang thirc Cauchy vé6i 3 s6 khong am :
x3+2+4/2 +242 > 3.3x%.242.242 =6x. : :

Suyra x3—6x > -4\/5. minA:-4\/§ vol X = \/E
241. Goi x 1a canh cﬁ? hinh vuéng nhé, V la thé tich cta hinh hop.
Can tim gia tri [én nhat cia V=x(3 — 2X)2.
Theo bat dang thuc Cauchy véi ba s6 duong :
4x+3—2x+3—2xj3 g
3

3-2x

4V =4x(3 - 2x)(3 —2x) < ( maxV=2 < 4x=3-2X & x:%

. . .1
Thé tich 16n nhat ctia hinh hop 13 2 dm® khi canh hinh vudng nhé bang E dm.

b) Pit J2—x=a;/x-1=b. Papsd: 1;2;10.
J5

¢) Lap phuong hai vé. Papsd: 0+ -

242. a) Papsb: 24 ;- 11.

d) Pat J2x—-1=y. Gidgihé: x*+1=2y,y3+1=2x, dugc (x—y)(X2+xy+y>+2)=0

~1+4/5

o x=y. Papsd: 1 ; >

. 1 .
e) Rat gon vé trai dugc : E(X—\/X2—4). Pap s6 : x =4.

g) Dit Y7—x=a;3Yx—5=b.Taco: a®+b3=2, a®—b®=12—2x, do d6 vé phai ciia phuong trinh da cho

3 K13 3 K13
a-b a-b _a-b
. Phuong trinh da cho tr¢ thanh : = .
a+b 2
a—b_ a-b’

= = (a—-b)@+b%=(+b)@ b
b Z 1D (a—b)( ) = (a+b)( )
Doa+b#0nén: (a—b)@®—ab+b?=(a—b)@>+ab+b?).
Ty a=btaduoc x=6. T ab=0taduoc x=7;x=5.
h) Pat Ix+1=a;Ix—-1=b. Taco:a?+b>+ab=1 (1);a®-b>=2 (2).
Tu(1)va(2): a—b=2.Thayb =a—2 vao (1) tadugc a=1. Papsb : x =0.
i) Cach1: x = -2 nghiém dung phuong trinh. V&i x + 2 # 0, chia hai vé cho /X +2.

X+1 X+3 . :
bit 3/ =a; ,/—:b.Gléuhe a®+b®=2,a+b=-1. Hé nay vo nghiém.
X+2 X+2

Cach2: Pit Ix+2 =y. Chuyén vé : %/y3—1+$/y3+1:—y.Lap phuong hai vé ta duoc :

Y1+ +1+3.3y°-1.(y)=-y® o y=y. Jy°-1.

Véiy =0, c6 nghiém x =- 2. Véiy #0, c6 y? = 3y® —1. Lap phuong : y° = y® — 1. V6 no.
Céch 3 : Ta thdy x = - 2 nghiém dung phuong trinh. Véix < -2, X > -2, phuong trinh v6 nghiém, xem bang
dudi day :

la

Doad+b®=2nén

X Ix+1

Ix+2

3/X +3 Vé trai

X < -2
X > -X

<-1
> -1

<0
> 0

<1
> 1

<0
> 0

K) Pat 1+x=a,1-x=b.Taco: a+b=2 (1), Yab+¥a+4b =3 (2
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(s m+n
Theo bat dang thirc Cauchy +/mn <

3= \Vab + J1a+1yp < Yatdb 1rVa 1evb

2 2
:J5+\/B+1sl+7a+%+1:a%b+2:3.

Phai xay ra ddu ding thirc, tirc 1a: a=b=1. Do d6 x=0.
) bat Ya—x=m=>0;Yb—x=n>0thi m*+n*=a+b-2x

Phuong trinh d3 cho tr thanh : m +n = {m* +n* . Nang Ién lity thira bac bbn hai vé roi thu gon : 2mn(2m? +
3mn + 2n?) = 0.

Suyra m=0hoic n=0,connéum,n > 0thi 2m?+3mn+2n > 0.

Dodé x=a,x=Db.Taphdico x < a,x < bdécéccénthl'rccénghia.

Gid st a < b thi nghi¢m cta phuong trinh da cho 1a x =a.

243. Piéu kién dé biéu thirc co nghia : a® + b? # 0 (a va b khong dong thoi bang 0).

Pit %:X.%:y ta co - A:X4+X2y2+y4 :X4+2X2y2+y4_2X2y2 _

,taco

X% + Xy +Yy? X% + Xy +y?
2
(x2+y2) —(xy)® (x2+y2+xy)(x2+y2—xy) ,
- 2 2 2 =X"+Yy —Xy.
X* + Xy +Y X* +y? +Xxy

Vay : Azi'/a_2+§/b_2—§/% (voi a2+ b?#0).

244. Do A 14 tong cta hai biéu thirc dwong nén ta c6 thé 4p dung bat dang thirc Cauchy :
A=Yx2—Xx+1+X>+x+1> 2\/\/x2 X +1AXP X +1 = 2{‘/(x2 —X+D(X*+x+1) =

= 2Ux*+x%+2>2. Ping thic xay ra khi :

{x2+x+1:x2—x+1

i < X=0.Tacod A >2, dang thirc xay rakhi x =0. Vay: minA=2 < x=0.
X'+x°+1=1

245. Vi 1+ \/g 1a nghiém ctia phuong trinh 3x3 + ax? + bx + 12 =0, nénta co :
3(1+ 33 +a(l+/3)2+b(1++3)+12=0.
Sau khi thyc hién cic phép bién di, ta duoc bidu thirc thu gon :(4a + b +42) + (2a+ b + 18) /3 = 0.
Via,be Znénp=4a+b+42 € Zvaq=2a+b + 18c Z.Ta phai tim cac sd nguyén a, b sao chop+q\/§: 0.

Néu q # 0 thi \/§:- B,V@li.DOdéqZOVétl‘J:p+q\/§ =0tasuyrap=0.
q

Vay 1+ \/§ 1a mot nghiém ctia phwong trinh 3x3 + ax? + bx + 12 = 0 khi va chi khi :

4da+b+42=0
. Suyraa=-12 ; b=6.
2a+b+18=0
) P .p o p’
246. Gia su 3/5 la so hiru ti = (= 1a phén s0 t6i gian ). Suy ra: 3 = — . Hay ching minh ca p va q cung
a q q

chia hét cho 3, trai véi gia thiét Py, phan s téi gian.

q
247. @) Taco: Y1+2 :«6/(1+\/§)2 :§/1+ 2\2+2 :\6/3+ 22 .
Dodé: Y1+283-2v2 =§3+2v2.83-22 :9/32—(2J§)2 -1,
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b) §9+45.32-5 =-1.
248. Ap dung hang dang thtc (a + b)® = a° + b + 3ab(a + b), ta co :
a® = 20 +144/2 + 20—144/2 + 33/(20 +14/2)(20 —144/2) a =a® = 40+ 33/20° — (1442)* a
< a®-6a—-40=0 < (a—4)(@*+4a+10)=0. Via’+4a+10>0nén = a=4.
249. Giai tuong tu bai 21.
250. A=2+/3-/2.
251. Ap dung: (a+b)®=a®+Db®+ 3ab(a +b).
Tir x= 3¥3+309 .Suyra x¥=12+33x < x*-9x-12=0,
252. Sir dung hang ding thire (A — B)® = A® — B® — 3AB(A — B). Tinh x%. Két qua M =0
253. a) X1 =-2;%X2=25.

u=v>+6

b) Détu:\3/x-9,V:X-3,taduqc:{ S u=v=-2 = x=1.
3

V=U’+6
c) bat: Yx*+32=y>0. Kétqua x=+7.
254. Pua biéu thuc vé dang : A=‘\/X3+l+l‘+‘\/x3+1—1‘.Ap dung |A|+|B|>|A+B|

, o mnA=2 < -1<x <0,

255. Ap dung bat dang thirc Cauchy hai lan.
256. Dat Ix =y thi Ix2 =y? = P=2Yx+2

258. Taco: P:\/(x—a)er\/(x—b)2 =|x—a|+|x-b|>|x—a+b—x|=b-a (a<b).
Déu dang thire xdy ra khi (x —a)(x ~b) >0 < a<x<b.VayminP=b-a < a<x<b.
259. Via+b>c;b+c>a;c+a>b. Ap dung bat dang thirc Cauchy cho tung cidp so6 duong
a+b-c)+(b+c-a b+c-a)+(c+a-b
\/(a+b—c)(b+c—a)s( )2( ):b\/(b+c—a)(c+a—b)s( )2( ):C
(c+a—b)+(a+b—c)_a
r r 2 1 2 r 2 r r 2 N
Cac vé cua 3 bat dang thire trén déu duong. Nhan 3 bat dang thirc nay theo ting ve ta duoc bat dang thirc can
chung minh. Dang thire xay ra khi va chi khi :
a+tb-c=b+c—a=c+a-b < a=b=c (tam giac déu).
260. |x—y|=\/(x—y)2=\/(x+y)2—4xy=\/4+4=2\/§.
261. 2A = (a—b)?+ (b—c)? + (c—a)>
Taco:c—a=-(a—c)=-[@-h)+(b-0c)]=-(v2 +1+ 2 -1)=-22.
Dodé:2A=(N2+1)2+ (2 - 12+ (-24/2)2=14. SuyraA=7.

262. Buaptvédang: (Vx—2-1) +(\y-3-2) +(v2-5-3) =0,
263. Néu 1<x<2 thi y=2.

264 Dat: NX—1=y>0. M=X_1(vx—1+2)(3-vx—1)

265. Goi cac kich thudc ciia hinh chit nhat 13 x, y. Vi moi x, y ta ¢ : x2+y2 > 2xy. Nhung x2 + y2 = (8+/2 )2
=128, nén xy<64. Dodo: maxxy=64 < Xx=y=8.
266. Véimoi a, b taludn c6 : a2 + b? > 2ab. Nhung a? + b? = ¢® (dinh li Pytago) nén :

a+b
>2ab < 202> b2 +2ab < 262> (a+b)? < 2 >a+b & > ——.

Jc+a-b)a+b-c) <

Dau dang thirc xay ra khi va chi khi a =b.

267. Bién dbi ta duoc : (\/ﬁ—\/ﬁ)z +(\/ﬁ—\/£)2 +(\/ﬂ—\/ﬁ)2 -0
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268. —2<x<-1; 1<x<2.
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