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CHUYEN PE TOAN 7
1. Ly thuyét
Ty 1¢ thuc 1a dang thirc gitra hai ty sb

* Tinh chit ciia ty 1¢ thirc: %:%

Tinh chét 1: Tir ty 1¢ thirc %=§ suy raa.d=Dh.c

Tinh chét 2: T déng thuc a.d =b.c vdi a, b, ¢, d # 0 cho ta cac ty 1€ thirc:

a_ca_bd_cdb
b d'c d'b a' ¢ a

Tinh chit 3: Tur ty 1& thuc a_t suy ra cac ty 1¢ thuec: E:9, 9:E, a_b

b d c d b a c a

* Tinh chét caa diy ty 1¢ thirc bing nhau:

A a ¢ , a a+c a-c
Tinh chat 1: Tt ty 1€ thirc —=— ac ty 1€ thac sau: —=——=—— , (b#=£d
inh cha v 1€ cbdsuyraca v 1€ s bid b—d(;é )

Tinh chat 2: %: % :Lj suy ra cac ty 1¢ thirc sau:

a C+C+i a—c+i .
== = .(b,d,j#0
b b+d+j b-d+]j ( 170)

Tinh chét 3: a, b,c ty 16 v6i 3, 5, 7 tirc 1a ta c6: %:%:%
2. Thuyc té nhitng nam trude kia khi chwa chu trong trong viéc rén k¥ ning theo dé
tai ndy hoc sinh gdp nhiéu sai sot trong qua trinh giai toan . Vi du cac em hay sai

e

nhat trong trinh bay 1oi gidi , sy nham 1an gifta dau voi dau “=>”

Vi du: X_Y (:>)L — Y thi cac em lai dung dau béng 1a sai.
5 7 d°53 7.3

Hay tim x, y, z biét é

Giai: X=Y_Z(=) X227 vay Xo75x=57
5 3 4°5'5-4 1 5
O trén cac em dung dau suy ra 13 sai
Hay khi bién ddi céc ty 1€ thirc rit chAm chap
Hién nay cac sai sot trén it gdp hon. Cac em giai dang toan ndy twong ddi
thanh thao khi t61 phan chia thanh nhitng dang toan nho.
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Todn chirng minh ding thirc
Toantimx,y, z, ...
Todn dé

Todn vé ldp ty 1é thirc

a &~ b e

Ap dung va chirng minh bt ding thirc
Qua viéc giai cac bai tap da dang vé ap dung tinh chit cia ty 18 thirc cac em
d3 nam chic chan tinh chét cua ty 18 thic
Bién d6i tir mot ty 1€ thurc ra mot ty 1€ thirc rat linh hoat
111/ BAI TAP CU THE

A. Loai toan chirng minh diing thirc

Bai 1. Chung minh rang : Néu Bza;tl thi Z—JFE:% voia,b,c,d#0

Gido vién héi: Mudn ching minh trudc hét xac dinh bai toan cho ta diéu gi?
Bit ching minh diéu gi?

Giai: Voia, b, c,d # 0 ta co: E:£:>§+1:£+1:>a—+b:ﬂ
b d b d b d
atb _b
1
c+d ()
Ezﬁja_b=0_d:>a_b=9(2)
b d b d c-d d

Tir (1) va (2) => a+b:a—b:>a+b:c+d (DPCM)
c+d ¢c-d a-b c-d

Bai 2: Néu 2-S thi:
B— b d
5a+3b 5c+3d
' 5a—3b 5c-3d

7a’+3ab _ 7¢’ +3cd
a®—8b*> 11c*-8d?
Giai: - Nhan xét diéu phai chimg minh?
- Lam nhu thé nao dé xuat hién 5a, 5c, 3b, 3d?
- Bai 1 goi y gi cho giai bai 2?
5a 3b 5a 5¢ 5a+3b bc+3d

b
=—=—= —= = (dpem)
d 5¢c 3d 3b " 3d 5a-3b 5c-3d

a. T&E:E E
b d c
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a’® b*> ab 7a® 8b® 3ab 11a’

b
_:_ _
d

BN = = =
b d ¢ d* cd 7¢® 8d* 3cd 11c?
7a®+3ab 1la’-8b?
7¢®+3cd 11c®>-8d?

a ¢ a
b —=—===
c

(dpcm)

Bai 3: CMR: Néu a’ =bcthi —Z+E =—E+Z diéu dao lai c6 dang hay khong?
Gidi; +Tacé: a’=bc—2-D_2+ba-b_ a+b_c+a

c a c+ac-a a-b c-a
+ Piéu dao lai cling dung, that vay:

a+b c+a

——=——=(a+b)(c—-a)=(a-b)(c+a
21D T2, (asb)(o-2)=(a-b)(c+2)
Tacod: ac—a*—bc—ab=ac+a?—-bc—ab
= 2bc =a?
=a’=hc
2 2
Bai4: Cho 2-SCcMR = -2 *°
b d bd b°+d
.,..a ¢ ac a® c¢* a*+c* ac a*+c?
Giai: 2-£8%€_2 _C _ 8 _2+C dhem
b d b b & bed’ bd blea? dpem)

b d c—d c*+d*
Giai:
Tach e_sja_g_a_—b:a_“_(a_—bj“(l)
b d ¢ d c- ¢ lc—d
a b a* b* a'+b’
TU—:— - = =
C d:>C4 4 C4+d4()

d

4 4 1

Tir (1) va (2) :{a‘bj _ath
c—d

<

Bai 6: CMR Néua+c=2b (1) vé 2bd = c(b+d) (2) dk: b; d#0 thi ===

Giai:
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Taco: a+c=2b=(a+c)d =2bd(3)
=c(b+d)=(a+c)d

Tu (3) va (2
®) ( ):>cb+cd:ad+cd
:%:5 (dpcm)

Bai 7: Cho a, b, ¢, d 14 4 s4 khac nhau, khac khong thoa man diéu kién:
b?=ac;c’=bdva b*+c*+d®=0

a+b*+c® a

CM: =— "~ =
b*+c®+d® d
Giai: + Ta c6 b? :ac:%:g(l)
+Tacc')c2=bd:>—_§(2)
a b ¢ a b & a+p*+cd
+Tu(l)va(Q)tacd) —=—=—=> —=—=—=
( ) ( ) b C d b3 CS d3 b3+C3+d3( )
3
b ¢ d b° bcd d
a+b*+c® a
Tu (3) va (4 arbl T _ <@
B)vald) =5 o 7

Bai 8: CMR: Néu a(y +z) =b(z +x) =c(x +y) (1)
Trong d6 a ; b ; ¢ 14 cac s6 khac nhau va khac 0 thi:

y—z Z—X X—Yy (%)

a(b—c) b(c-a) c(a-h)
Giai: Vi a; b; ¢ #0 nén chia cac cac s cua (1) cho abce ta co:

a(y+z) _b(Z+X) C(X+y):>y+z =z+x=x+y(2)

abc  abc abc bc ac ab
? Nhin vao (*) ta thAy mau thirc can c6 ab —ac

? Ta s& bién d6i nhu thé nao?

Tir (2) = Y2 (XY =(+x) _(y+2)=(x+y) _(2+x)-(y+2)
bc ab—ac bc—ab ac—bc

y-z  ZX XYy

(dpem)

a(b-c) b(c-a) c(a-h)
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Bai 9: Cho bz-cy _oxaz _ ay-bx (l)
- a b C
CMR; 2=Y_Z%2
"a b c

Giai: Nhan thém ca tir va mau cua (1) véi a hodc b; ¢

Tu (1) ta co:
bz-cy abz-acy bcx-baz cay-chx  abz-acy+bcx-baz+cay-chx 0
a a’ b’ c’ a’+b*+c?

—bzcy=0=bz=cy=> :% (2)
c
= ay-bx=0 :ay:bx:>§ y

a b

) ) X_Y_2
Te(2)va(3) = A (dpcm)

Bai 10. Biét 2+ 2 -1va 2. % 1
- a b b ¢

CMR: abc +a’b’c’=0
Giai: Tu i+%=1:> ab+a'b'=1(1)
a
Nhan ca hai vé ctia (1) v6i ¢ ta co: abe + a’b’c = a’be (3)
Ta co: §+%=1=> bc+b'c'=b'c(2)
Nhan ca hai vé cta (2) véi a’ ta co:
a’bc+a’b’c’=a’b’c (4)
Cong ca hai vé caa (3) va (4) ta co:
abc +a’b’c+a’bc+a’b’c’=a’bc +a’b’c
=>abc + a’b’c =0 (dpcm)

B. Toan timx, v, z

Bai 11. Tim x, y, z biét: ==Y = % va 2x+3y—2-186

15 20 28
Giai: Gia thiét cho 2x+3y—2=186
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Lam nhu thé nao dé sir dung hiéu qua gia thiét trén?
X _y_z _2x_3y_ 'z _2x+3y—-z 186

—=——=—=—= = = =3
15 20 28 30 60 28 30+60-28 62

= x=3.15=45
= y=3.20 = 60
= 7=3.28 =84

Bai 12. Tim x, y, z cho: gz%vé %:;vé\ 2x+3y—2=372

Gidi: Nhan xét bai nay va bai trén c6 gi giong nhau?
Dua bai nay vé dang bai trén bang cach nao? Pua tir s6 c6 cung so chia

Taco: 2=¥Y = X _Y (chia ca hai vé cho 5)

3 4 15 20
X:E:l:i(chia ca hai vé cho 4)
5 7 20 28
X_y_z
15 20 28
Tuong tu hoc sinh tu giai tiép: x =90; y = 120; z = 168

Bai 13. Tim x, y, z biét gzévé %:; Vax+y+z=098

Gidi: Hay néu phuong phép giai (tim GCNN (3;5)=?)
Hoc sinh nén tu giai (twong tu bai nao em gap)
bS: x=20;y=30;z=42
Bai 14. Timx, y, zbiét 2x =3y =5z (1) vax +y—-z =95 (*)

Céch1: Tur 2x=38y =-=2

3 2
3y=57 =J_Z%
y 5 3
Pua vé cach giai gidng ba bai trén: cach nay dai dong
Céch 2: + Néu co ty 1é clia x, y, z twong tmg ta s& giai dugc (*)

+ Lam thé nao dé (1) cho ta (*)

+ chia ca hai vé cua (1) cho BCNN (2;3:5) = 30
2x = 3y = 57 _,2x_ 3y _5z_Xx_y_z_x+y-z 9 .
30 30 30 15 10 6 15+10-6 19
=>x=75,y=50,z=30

Bai 15. Tim x, y, z biét:
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1. 2 3 . _
EX‘EV‘ZZ“) vax—-y=15

Gidi: Hay néu cach giai (tuong ty bai 11)
BCNN(1;2;3)=6
Chia céc vé cua (1) cho 6 ta co
X_y_z_x-y _15_

279 8 12-9 3
=>x=215=60;y=59=45;z2=85=40
Bai 16. Tim x, v, z biét:

x-1 y-2 z-3

a. 7 (1)va2x + 3y -z =50

2 3

b. %:ﬂzﬂ(z)véx +y+z=49
3 4 b5

Giai:

a. Vi gia thiét phan a ta co cach giai twong tu bai nao? (bai 11)

2(x-1) _3(y-2) _z-3_2x-2+3y-6-7+3
Tu (1) ta co: : 9 : 4+9-4
_(2x+3y-7)+-2-6+3 50-5

9 9

_5
X1 s y-n1
2

Y=2 5 y_17
3

ZT_:)):5:>x=23
b. ? Néu cach giai phan b? (twong tu bai 15)
Chia cac vé cho BCNN (2;3;4) = 12
Q:3_y:£:> 2X _ 3y _ 4z
3 4 5 3.12 412 512
X _ Yy 7 _ X+y+z _@_
18 10 15 18+16+15 49
=>x=18;y=16;z=15
Bai 17. Tim x; y; z biét rang:

EZX 2 =
a. > 3vaxy 54 (2)
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b. §=%Vé x*+y*=4 (X,y>0)

Giai: ? Lam nhu thé nao dé xuat hién xy ma st dung gia thiét.

2
lzl(l)jf_izl_ﬁjx_:ﬁzﬁzg
a. 2 3 22 32 4 6 6
x2=4.9=(2.3)" =(6) =(-6) = x=16
X N 54
Thay vao (2) ta co: x=6:>y=F=9
54
X=-6=y="t=-9
4 -6
x_y_ ¥ ¥y x-y' 41
b.5 3 25 9 25-9 16 4
=2y
4 2
:>y2:—:>x:i§
4 2
Bai 18. Tim céc sd ay, ay, ...aq biét:
al -2 9, a,+a,+...+a, =90
9 8
Gidi - %—1:(%+afh“+%)—@+2+m+9):90_45=1

9+8+...+1 45
T d6 dé dang suy ra ag. a. ..
Bai 19. Tim x; y; z biét:
. y+z+1:x+z+2:x+y—3: 1 (1)
X y z X+y+2

a

Giai: Theo tinh chat cta diy ty s6 bang nhau ta c6 tir (1)

y+z+1 y+z+1+x+z+2+x+y—3_2(X+y+z)
X X+Yy+1z X+Yy+z2
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= =2=>Xx+y+z=0,5

X+Yy+1z
y+z+1
X

=2=> Y+Z+1=2X=>X+Y+Z2+1=2X+X

:>1,5:3X:>X:%

X+2+2
y

Néua+y+z#£0;

=2=>X+y+2+2=3y

:>2,5:3y:>y:g

X+y—3

=2=>X+y+2-3=32
z

=>-——=31=>1=——
2 6

b. Tuong tu cic em ty gidi phan b

Timx,y,z biét:

X y z
= = =X+Yy+12
y+z+1 x+z+1 x+y-2

Néux+y+z#0=>x+y+z=0,5

bS: x=1'y=1;z:—1

2 2 2
Néux+y+z=0=>x=y=2z=0

Bai 20. Tim x biét rang:

1+2y 1+4y 1+6y
18 24 6X
Giai:
1+4y:1+2y+1+6y_ 2+8y 21+4y_ 2+8y

24 18+6x  18+6X 24  18+6X
1+4y 24 1+4y 24 1

= = = = ==
24  18+6x 2(1+4y) 18+6x 2

=18+6x=24.2

:>6(3+x)=6.4.2

=3+x=8=x=5

Bai 21. Tim x, y,z biét rang:

y

5_—_5véxyz=810
2 3 5
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=X=6

Bai 22. Tim cac sd xy, X2, ...Xn-1, Xn biét rr?mg:

X X X .
2 ...t _"nya X, +X, 4+ X, =C
a, a_, 4

n

X
&
#0,..,a, #0;a +a,+..+a, #0)

Giai:

—~

XXy Xy XEXp kX, c

a, a_, a, a-+a,+..+a, a-+a,+.+a,
ca,

Ca,+a,+..+a,

trong do:1=1,2,...,n

Bai 23. Tim cac sd x; y; z €Q biét rang: (x+y):(5-2):(y+2):(9+y)=3:1:2:5
Giai: Ta c0:
x+y:5—z: y+2 :9+y:k(1)
3 1 2 5
(x+y)+(5-2)+(y+2)+(9+y) x+y-4
3+1+2+5 B 1

X+y—4=Kk

X+y=3k
=4+k=3k=>4=2k=k=2

=k+4=x+y

10
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=5-7z=k=>z=5-k=5-2=3
9+y=5k=>y=5k-9=10-9=1
X+y=3k=>x=3k-y=6-1=5
X=5
= y=1
z=3

Bai 24. Tong cac luy thira bac ba cua 3 sb 1a -1009. Biét ty s6 gitta s6 thtr 1 va sb

Tir (1)

thtr 2 1a %; gitta s6 thir 1 va sb thir 3 1a g Tim 3 s d6?

Giai

Taco
x*+y*+2%=-1009

X_2_ X_y_ X_Yy
y 3 2 3 4 6
x 1 x z X 'y 2z
—_ = — = — —_—= = —
z 9 4 4 6 9

= x=4k,y=6k,z=9k
X+ Y% +2° = (4k)’ +(6k)’ +(9k)’ = 64k® + 216k* +729k* =1009k* = ~1009

=k¥i=-1=2k=-1

=>x=-14=-4

=>y=-16=-6

=z=-19=-9
C.. TOAN PO

(ngoai nhitng dang don gian trong sgk gido vién soan bo sung thém)
Bai 25. C6 3 d6i A; B; C co tat ca 130 nguoi di trong cdy. Biét rang sd cdy mdi
nguoi doi A; B; C tréng dugc theo tha ty 1a 2; 3; 4 cay. Biét s6 cay mdi doi tréng
dugc nhu nhau. Hoi mdi ddi co bao nhiéu nguoi di trong cay?

Giai:

+ Goi s6 ngudi di trong cay cua doi A; B; C lan luot 1a: x; y; z (nguoi), dk:

X;y; z EN”

11
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+ Theo bai ra ta co:
X2=y.3=4z(1)vax+y+z=130
BCNN (2;3;4) = 12

x2_y3_ 4z  x_y_

X+y+z 130

= 10
6+4+3 13

L z
12 12 12 6 4 3
x=60;y=10;z=30
Tra 10i: Poi A; B; C c6 s6 nguoi di trong cdy theo tht ty 1a 60; 40; 30
bS: 60; 40; 30

Bai 26. Truong c6 3 10p 7, biét %cé s6 hoc sinh 16p 7A bang %sé hoc sinh 7B va

bang gsé hoc sinh 7C. Lp 7C ¢6 sb hoc sinh it hon tong s6 hoc sinh cua 2 16p kia

1a 57 ban. Tinh sb hoc sinh mdi 16p?
Giai: Goi sd hoc sinh 7A; 7B; 7C 1an luot 1a x; y; z (em), X; y; z #0
Theo bai ra ta co:
%:%y:%z(l)véx +y+2z=57
Chia (1) cho BCNN (3;4;5) =12
_X_y_z_ x+ty-z 57
18 16 15 18+16-15 19
=>x=54;y=18;z=45
Tra 10i: sb hoc sinh cac 16p 7A; 7B; 7C lan luot l1a: 54; 18; 45
bS: 54, 18; 45

Bai 27. Tim ba s6 nguyén duong biét BCNN cua ching 13 3150 va ty s sb tha
nhét voi sb thir 2 1 g  ca s thir nhét véi s6 thi ba 1a ?

Giai: Goi ba s nguyén duong lan luot 1a: x; y; Z
Theo bai ra ta c6: BCNN (x;y;z) = 3150

12
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= x=10k =25k
= y=18k =322k
=z=7k
BCNN (x;y;z)=3150 = 2.325.7
= k=5
= x=50;y=90;z=35
Vay 3 s6 nguyén duong lan luot 1a x = 50; y = 90; z = 35.

E./ TINH CHAT CUA TY LE THUC AP DUNG TRONG BAT PANG THUC

Tinh chét 1; (Bai 3/33 GK D7) Cho 2 s6 hitu ty % va %Vé’i b> 0; d >0.

CM: E<£<:>ad <bc
b d

Giai:

a ¢
+ Co B<E :%<%:>ad<bc
b>0;d>0

+C,_ad<bc } ad bc %

(o
0. =5 —<—=—<—
b>0:d>0 bd db d

Tinh chit 2: Néub>0;d>0thitr 2<£2.2%¢_C

b d b b+d d

(Bai 5/33 GK D7)

Giai:
a_t .

+b d = ad <bc(l) thém vao 2 vé cua (1) voi ab ta co:
b>0;d>0

—ad +ab<bc+ab

a a+c
b+d b+d —<—A2
a(b+d)<c(b+ ):>b<b+d( )

+ Thém vao hai vé caa (1) dc ta co:

13
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(1)= ad +dc <bc+dc
=d(a+c)<c(b+d)
_, a+c <£(3)

b+d d

+ Tu (2) va (3) ta co:

T 2<9-52.23%C € (gpcm)
b d b b+d d

Tinh chit 3: a; b; ¢ 1a cac s6 duong nén

a, Néu 2 <1thy 2 2*C
b b b+c
b, Néu 3>1th| a.,arc
b b+c

Bai 30. Choa; b; c;d>0.

CI\/IR:1<a+b+C+d<2

a+b+c b+c+d c+d+a d+a+b

Giai:

+ Tu

<1 theo tinh chét (3) ta co:
a+b+c

ard (1) (do d>0)

a+b+c+d a+b+c

Mat khac: —>—>—— 3 ()
a+b+c a+b+c+d

a a a+d
(3)

+ Tu (1) va (2) ta co: < <
a+b+c+d a+b+c a+b+c+d

Tuong tu ta co:

b - b - b+a
a+b+c+d b+c+d a+b+c+d

(4)

c c c+b
< < (5)
a+b+c+d c+d+a c+d+a+b
d d d+c

< < (6)
d+a+tb+c d+a+b a+b+c+d
Cong bat dang thire kép (3); (4); (5); (6) theo timg vé thi dugc:

1«2 , b ¢ ., d <2(dpcm)

a+b+c b+c+d c+d+a d+a+b

14
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Bai 31. Cho %<§Vé b:d >0CMR: %<M<E

b’ +d* d
Giai:
Tacé§<3vab;d>onéna—b<ﬂ:>a—?<c—(i
b d bb dd b° d
Theo tinh chét (2) ta co: Z—? < % < 3—(1 = % < % < % (dpcm)

Chuyén dé hinh hoc

Baj todn 1. Cho tam gidc ABC c6 ABC =30° va BAC =130°. Goi Ax 1a tia d6i cua tia AB,
duong phan giac ciia goc ABC cit phan gidc CAX tai D. Puong thang BA cit dudng thang CD
tai E. So sanh d¢ dai AC va CE.

Giai:
Goi Cy la tia ddi cua tia CB. Dung DH, DI, DK
1an lugt vudng goc vai BC. AC, AB. Tur gia
thiét ta suy ra DI = DK; DK = DH nén suy ra DI
= DH ( CI nam trén tia CA vi néu diém I thudc
tia d6i ctia CA thi DI > DH). Vay CD la tia phan

giac cia ICy va ICy la gbc ngoai ctia tam gidc
ABC suy ra

A+B 30°+130°
2
Mit khac CAE =180° —130° =50°. Do d6, CEA=50° nén ACAE can tai C. Vay CA = CE

=80° .

ACD =DCy =

Baj todn 2: Cho tam giac ABC ¢6 BC = 10 cm. Cac dudng trung tuyén BD va CE c6 d6 dai

A theo thi ty bang 9 cm va 12cm. Chimg minh rang: BD 1L CE
Gidi:
Goi G la trong tam cua tam giac ABC. Khi do ta co:
D
E GC:ECE:3.12:8(cm)
3 3
O 2 2

GB = 3 BD :5.9 =6(cm). Tam gidc BGC c6 10° =6° +8°
B . hay BC* =BG”+CG”. Suy ra ABGC vudng tai G hay BD L. CE

Bai todn 3. Cho tam giac ABC , dudng trung tuyén BD. Trén tia doi cuia tia DB ldy diém E sao
cho DE = DB. Goi M, N theo thir tu trung diém cua BC va CE. Goi I, K theo thur tu 1a giao diém
cua AM, AN v6i BE. Chimg minh rang Bl = IK =KE

Giai:
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Do AM va BD 14 hai trung tuyén ciia tam gidc ABC
cat nhau tai I nén I 1a trong tdm ctia tam giac ABC,

ta co: Bl =§BD @

Ta c6 K 1a trong tdm tam giac ACE nén EK = % ED

2
Ma BD = DE tir (1) va (2) suy ra BI = EK (3) . Mit khac, ta lai c6: ID :%BD va KD :%ED

suy ra ID =KD (do BD =ED ) nén IK =§BD (4). Tt (3) va (4) suy ra BI = IK = KE.

Bai todn 4. Cho tam giac ABC c6 duong trung tuyén AD = 12cm.Trung tuyén BE =9cm va
trung tuyén CF = 15cm. Tinh d¢ dai BC (hinh xac dén 0,1 cm)
Giai:
Trén tia d6i cia tia DG lay diém M sao cho DM = DG khi d6 AG =
2 2 2 2

GM=—-AD=—-.12=8(cm) ; BG==—BE =—=.9=6(cm);
3 3 3 3
ABDM = ACDG(c.g.c) nénsuy ra GCD =DBM (so le trong) nén

BM//CG vaMB =CG ma CG = %CF = %.15 =10(cm) . Mat khac, ta

c6 10° = 6% +8% hay BM? = BG® + MG?. Suy ra ABGD vuéng tai G.
Theo dinh Iy Pythagore ta c6 BD =+/BG’ +GD? =+/62 +4% =+/52 .
Vay BC = 2BD =2+/52 ~14, 4(cm)

B3/ todn 5: Chimg minh rang tong d6 dai ba duong trung tuyén ciia mot tam giac 16n hon %

chu vi va nh6 hon chu vi cia tam giac 4y.
Giai:
A Taco 2AD<AB+AC ; 2BE<AB+BC ;
2CF <BC+ AC nénsuy ra

2(AD +BE +CF) < 2( AB+BC +CA) hay
(AD+BE+CF)<(AB+BC+CA) (1)

5 D C  Trong tam gi4c BGC c6: BG + GC > BC ma BG:%BE
2 . 2 2 3
CG=—-CF nén —=BE+—-CF >BC < BE+CF >—BC.
3 3 3 2
Tuong tu ta co CF+AD>§AC ; BE+AD>%AB.CC)ng cac bat dang thirc vé theo vé ta co:
2(AD+BE+CF)>§(AB+BC+CA)<:> D+BE+CF >%(AB+BC+AC) 2).

Két hop (1) va (2) suy ra %(AB+ BC + AC) < AD + BE +CF < AB+BC + AC (dpcm)
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Bai todn 6: Cho tam giac ABC, goi D, E theo thir tu 13 trung diém ctia AB va BC. V& cac diém
M, N sao cho C 14 trung diém caa ME
va B 13 trung diém cia ND. Goi K 13
giao diém cia AC va DM. Chung
minh N, E, K thang hang.

Giai:
Tam giac MND c6 BE =EC =CM

nén ME:EMB ma MB la trung

tuyén nén E 1a trong tAm suy ra NE 13 trung tuyén cta tam giac NMD. Mat khac, DE //AC do DE
1a duong trung binh cua tam giac ABC hay DE // KC ma C 1a trung diém cua ME nén K 1a trung
diém ctia DM. Nén ba diém N, E, K thang hang.

Baj todn 7: Cho tam gidc ABC dudng trung tuyén AM. Goi I 12 trung diém ctia BM. Trén tia
d6i ctia tia IA 14y diém E sao cho IE = IA. Goi N 1a trung diém cta EC. Chimg minh rang duong
thang AM di qua N

Giai:
Tam giac AEC c6 CI 1a dudng trung tuyén (vi IE = IA) nén

CM = %CI nén M la trong tdm cua tam giac AEC do d6 AM di

qua N

Bai todn 8: Cho tam giac ABC c6 AH vudng goc véi BC va
BAH = 2C . Tia phan giac cia B cat AC tai E.
a) Tiaphan giac BAH cit BE tai I. Ching minh rang tam giac AIE vudng can.
b) Chimg minh ring HE la tia phan giac AHC
Gidi:
a) Chung minh AAIE vubng can:
Tacd AH L BC nén tam giac AHC vudng tai H nén CAH + HCA=90° (1). Do Al la phan giac

cia BAH nén IAH = BAI :%BAH = BAH =2IAH E

ma BAH =2C (gt) nén IAH =C (2). Tir (1) va (2)

suy ra CAH + IAH =90° nén tam giac AIE vudng tai

. 1 1 o B H C
A.Tacb ABI =~ B; BAl =~ BAH Do AIE 14 g6c

ngoai cua tam giac BIA nén
AIE = ABI + BAI :%(B +BAH) = %.90O = 45° nén tam giac AIE
vuodng can

b)Chirng minh HE 1a tia phan giac AHC

Taco IAL AC ma Al la phan giac trong cua tam giac BAH nén
AE la phan giac ngoai cia tam gidc ABH tai A. BE la phén giac
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trong cuia tam gidc ABH suy ra HE la phan giac ngoai tai AHC

Bai todn 9: Cho tam giac ABC ¢6 géc A=120°. Puong phén gisc AD, duong phén gidc ngoai
tai C cat AB tai K. Goi E 1a giao diém ctia DK va AC. Tinh s6 do cua goc BED

Gidi:
Tam giac ADC c6 hai phan giac ngoai tai A va C cit nhau tai K nén DK 1a phan giac trong cua
ADC ’
Trong tam gidc BAD c6 AE va DE Ia hai phan gidc ngoai cia cac goc A va D cat nhau tai E nén
BE la phan giac trong cia géc B.

EDC 1a gbc ngoai cua tam giac BDE nén ta c6 EDC = DBE + DEB ma EDC = ADE ( do DE
la phén giac ADC) suy ra

0
DEB - EDC — DBE — EDA—EABD _2EDA-ABD _ ADC-ABC _BAD _60 _ 300
2 2 2 2

Bai todn 10. Cho tam gidc ABC c6 A=120" cac duong phén gisc AD, BE, CF.

a) Chung minh rang DE 1a tia phéan giac ngoai ctiia tam giac ADB

b) Tinh EDF

~ Giai:

a) Chung minh rang DE la tia phan giac ngoai ctia tam giac ADB. A E
Tam giac BAD c6 AE va BE Ia hai phan giac ngoai va trong tai dinh A va F
B (Do A=120°) nén DE la phan giac ngoai clia tam giac ABD.

b) Tinh EDF D

Trong tam giac ACD c6 AF va CF la hai phan gidc ngoai va trong tai cac E
dinh A va C cua tam gidc ADC nén DF la phéan giac ngoai cua géc D cua

tam gidc ADC suy ra DE 1a phan giac trong tai dinh D nén DE L DF hay EDF =90°

Baj todn 11:Cho tam giac ABC cén tai A, M 14 trung diém ctia BC. K& MH vudng goc
v6i AB . Goi E 1a mot diém thudc doan AH. Trén canh AC léy diém F sao cho AEF =2.EMH .
Chtng minh FM la tia phan giac cta goc EFC

Gidi:
a Tam gidc ABC cén tai A ¢c6 AM la trung tuyén nén AM 1a phan giac
BAC . Tam gidc AEF c6 AM la phan giac trong tai goc A nén ta phal
chirng minh EM 1a phan giac goc ngoai tai E cua tam giac AEF.
F

That vay, Do tam giac EMH vuéng tai H nén HEM =90° —~EMH ma
AEF =2.EMH (gt) nén %AEF =EMH . Do do

¢ HEM:90°—EMH:900—%AEF (1). Mit khéc ta co

FEM =180° — (AEF + BEM ) =180° —(AEF +90° —% AEF) =90° —%AEF (2). Tu (1) va (2)

suy ra HEM =FEM hay EM la phan giac cia BEF . Tia phan gidc trong AM cua goc A va tia
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EM la phan giac ngoai ciia tam giac AEF cét nhau tai M nén FM 1a phan giac ngoai cia AFE
hay FM la phén giac EFC

Baj todn 12: Cho tam giac ABC c6 cac dudng phan gidc BD va CE cit nhau tai I va
ID = IE. Chimg minh ring B=C hay B + C =120°
Gidi:
Qualké IH L AB va IK L AC, Do I 1a giao diém cua
hai duong phan gidc nén IH = IK va ID =IE(gt) nén
AIHE = AIKD (canh huyén, canh goc vudng) nén suy ra

ADB =BEC (1)
a) Trudng hop K e AD;H e BE thi ta c6
BEC = A+%C ( BEC 1la goc ngoai cia AAEC)
)
ADB=C +% B ( ADB la goc ngoai cuia ADBC) (3). Tu (1); (2) va (3) A+%C =C +% B
1 1

:>A:EC+EB:>2A:C+B:>3A:A+C+B:18O°:>A:600:>C+B:1200

b) Néu H € AE va K e DC thi suy ra twong tu trén ta c6 C+B =120°
c) Néu H e EB va K e DC thi A+%C:A+%B<:>C:B

d) H e AE va K e DA thi C+%B:B+%C<:>C:B.

Vay ca bon truong hop trén ta luén c6 B =C hodc C+ B =120°

Badj todn 13: Cho tam giac ABC. Tim diém E thudc phan gidc goc ngoai tai dinh A sao cho

tam giac EBC ¢6 chu vi nho nhat.
Giai:
Chu vi tam gidc EBC nh¢ nhat khi va chi khi tong EB + CE nho

nhat. V& BH vudng goc vi phan giac ngoai tai goc A cat AC tai D vi
duong thang a ( dudng phéan gidc ngoai tai dinh A) cua tam giac ABC
nén a la duong trung truc cua BD nén EB = ED . Do d6
EB+EC =ED+EC > DC véi moi diém E thugc a ta c6 EB+EC > DC
xay ra dau dang thirc thi E ndm gitta D va C. Vay E = A thi chu vi tam
gidc EBC nho nhét

Bai todn 14: Cho tam giac ABC nhon. Tim diém M trén canh
BC sao cho néu vé& cac diém D, E trong d6 AB 13 dudng trung truc MD, AC 1a dudng trung tric
ciia ME thi DE ¢6 do dai nho nhét.
Giai:
Ta c6 AB la duong trung truc cia MD nén
AD =AM (1)
AC la duong trung truc cuia ME nén AM = AE (2) T
(1) va (2) suy ra AD = AE nén tam giac ADE can tai
Ava
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DAE = 2.BAC khong d6i nén DE dat nho nhat néu AD nho nhat. AD = AM > AH vdéi
AH | BC xay ra dau bang khi M =H khi do DE dat gia tri nho nhat.

Bai todn 15: Cho A nim trong géc xOy nhon. Tim diém
B,C lan luot thude Ox, Oy sao cho tam gidc ABC c¢6 chu vi nho
nhét.

Giai:

V& D dbi ximg v6i A qua Oy, E d6i xtng voi A qua Ox
Nén Oy, Ox lan luot 1a cac duong trung truc ciia AD va AE. Khi
doé ta c6 CA = CD va BE = BA nén chu vi cua tam gidc ABC la:
CB + AB + CA =CB + CD + BE > DE . D4u ding thirc xay ra
khi va chi khi B=M;C =N . Do d6 AABC c¢6 chu vi nhé nhit &

vi tri AAMN

Bai todn 16: Cho tam giac ABC vudng tai A, duong cao AH. Tia phan giac ctia goc
HAB cat BC tai D, tia phan giac ciia goc HAC cat BC tai E. Chirng minh rang giao diém cac
duong phan giac cua tam gidc ABC 1a giao di€m cac duong trung tryc cta tam gidc ADE

Giai:

Tacd ADE la gbc ngoai ciia tam giac ADB nén
ADE = DBA+ BAD . Mat khac ta c6: DAC = CAH + HAD ma
ABH = HAC ( cung phu v6i BAH ); BAD = DAH (Do AD latia
phan giac cia BAH nén ADC = DAC . Vay tam giac CAD can tai
C ma CK la duong phan giac nén CK cling la duong trung truc cua
AD.

Tuong tw AABE can tai E ma BP la duong phan giac nén
BP ciing 1a duong trung truc ciia AE. Nén M 1a giao diém cua hai
duong phan giac CK va BP ciing 13 giao diém ctia hai duong trung
truc cua tam giac ADE.

Bai todn 17-Cho tam giac ABC can tai A, cac diém E va D theo thtr ty di chuyén trén
hai canh AB va AC sao cho AD = CE. Chiing minh rang cac duong trung tryc ctia DE luén di
qua mot diém cb dinh
Giai:

Khi D=B = E = A. Duong trung truc cua DE chinh 1a duong trung truc cua AB

Khi D= A= E =C. Buong trung truc ctia DE chinh la duong trung truc ctia AC.
Goi O 1a giao diém ctia hai duong trung truc AB va AC. Ta phai
ching minh dudng trung truc ciia DE di qua O.
Ta c6 tam gidc ABC cén tai A nén O nam trén duong trung truc
cua BC. Suy ra AH = KC ma AD = CE (gt) nén DH = KE va OH
= OK nén AHDO = AKEO(c.g.c). Do d6 OD = OC. Viy moi

duong trung truc ciia DE déu di qua mot diém c6 dinh O

Khai thac bai toan trén:
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Néu AABC bat ky véi AC > AB va BD = CE thi cac duong trung truc ctia DE ludn di qua
diém ¢ dinh nao?

Tim diém dic biét:

Khi D=B= E =C. Duong trung tryc cua
duong trung tryc cua BC.

Khi D=A=E=G. V6i G e AC .Pudng

DE chinh la

trung truc cua

AG 1a (d”) cit duong trung truc (d) cuia BC tai K. Vay
moi dudng trung tryc cua DE déu di qua K.

That vy, trén canh AC lay diém G sao cho AB =
CG. Goi K 1a giao diém cta hai duong trung truc (d) va
(d”) cua cac doan thang BC va AG khi d6 ta c6 KB =KC

va KA = KG nén AAKB = AGKC (c.c.c) nén | suy ra

ABK =GCK , hay DBK = ECK nén ADKB = AEKC(c.g.c)suy ra KD = KE. Vay duong trung
truc cua DE ludn qua K (dpcm)

Bai todn 18: Cho tam giac ABC, duong phan
gidc AD. Trén doan thang AD lay diém E va F sao cho

ABE = CBF . Chung minh rang ACE = BCF .

Giai:
Ve K, H, I sao cho BC, AC, AB la cac duong trung truc
cua KF, EH, EI. Khi d6 ta c6 HCE =2.ACE ;
KCF =2.FCB. Ta phai chung minh ACE =BCF
Ta co Al = AE = AH (vi AB la duong trung truc cua EI)
nén tam giac AHI can tai A ma AE la phén giac nén AD
la duong trung truc cta IH do d6 IF = FH (1). Ta lai c6 BK = BF ; IBE = FBK va Bl = BE nén
ABEK = ABIF (c.g.c)
suy ra EK =1IF (2). Tir (1) va (2) suy ra EK = FH (3)
Xét tam gidc AHCF va AECK ta c6 HC = EC (4) ( vi AC la duong trung truc cua EH); CF =
CK (vi BC la dudng trung truc ctia KF) (5) . T (3) ,(4) va (5) nén AHCF = AECK (c.c.c)suy ra

HCF = ECK = HCE + ECF = KCF + FCE = HCE = KCF = ACE =BCF (dpcm)

Bai todn 19 Cho tam gidc ABC vuong tai A, duong cao AH. Goi E,LK theo thu tu 1a
giao diém cac dudng phan gidc cua tam gidc ABC, ABH, ACH. Chiing minh rang AE L IK
Gidi: k
Tacd B=HAC (vicung phy véi BAH )

ABI = IBC = E ( Do BI 1a tia phan giac ctuia goc B) |

HAD = DAC = %( Do AD la tia phan gidc cua goc CAH ) Tu B
nhiing dang thirc trén suy ra ABl = DAC ma

DAC + KAB =90° < ABI + KAB =90° = ADB =90° nén BD L AD . Chting minh twong tu ta
cling c6 CE L Al .Tam gidc AIK c¢6 hai duong cao cat nhau tai E nén E la tryc tdm ctia tam
giac nén AE L IK
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Bai todn 20: Cho tam giac ABC, duong cao AH, v& ngoai tam gidc 4y cic tam gidc
vuéng can ABD, ACE vé6i B =C =90° , 7

a) Qua diém C v€ duong thang vuong goc voi BE cat duong thang HA tai K. Chirng

minh rang DC 1 BK. .
b) Ba duong thang AH, BE, CD dong quy
Gidi:
a) Chung minh DC 1 BK:

Taco BEC = KCA cung phu véi KCE
HKC = HBE cung phu véi KIE nénsuy ra KAC =ECB va AC =
CE (gt) nén AKAC =ABCE(g.c.g) suy ra KA = BC. Mat khac ta

c6 BD =AB ; KAB =DBC; KA =BC nén D
ADBC = ABAK (c.g.c) suy ra BKH = DCB va HKB+ KBH =90°

suy ra DCB + KBH =90° = BMC =90° ( v6i M giao diém ctia DC
va KB) nén DC L BK tai M. ‘
b) Trong tam giac KBC ba duong cao AH, CD, BE nén dong quy tai L.

Baj todn 21: Goi H 1 tryc tim cua tam gidc ABC. Ching minh rang:
a) HA+HB+HC<AB+AC

b) HA+HB+HC <§(AB+ BC +AC)

Giai:
a) Ching minh HA + HB + HC < AB + AC.
Také NH // AC va HM //AB. Khi d6 ta c0 HA < AM + HM = AM + AN (1) (Theo tinh chét
doan chin). Do BH vuéng goc vi AC ma HN //AC nén BH L HN . Do d6 BH < BN. (2) Tuong
tu ta cling ching minh duwoc HC < CM (3).
Tu(1);(2)va(3) suyyraHA+HB+HC<AM+ AN+ BN+ CM = AC + AB (dpcm)
b) Taco HA + HB + HC < AB + AC ( Theo céu a)
Tuong tu HA+HB +HC <BC + AC
HA +HB + HC < AB + BC
Cong cac bat dang thirc trén vé theo vé ta dugc:

3(HA+HB+HC) < 2(AB+BC + AC)= HA+HB + HC <§(AB+ BC + AC) (dpcm)

Bai todn 22: Cho tam gidc ABC vudng can tai A. Goi M, N lan luot 1a trung diém cua AB, AC.
Ké NH L CM tai H. Ké HE L AB tai E. Ching minh rang tam giac ABH cén va HM la phan
giac cua goc BHE.

Giai:
Tur Ataké AKLCM tai Kva AQ L HN tai Q. Hai tam giac vuong A Q
MAK va NCH c6 MA =NC :(% ABJ ACH = MAK (cung phu véi goéc e M
KAC) nén AMAK =ANCH (canh huyén, goc nhon). Suy ra AK = HC M C

(1) . Talai c6 ABAK = AACH (c.g.c)= BKA= AHC . Hai tam giac
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vudng AQN va CHN c6 NA = NC va ANQ = HNC (d.d) nén AANQ = ACNH (canh huyén, goc
nhon). Suy ra AQ = CH (2). Tu (1) va (2) suy ra AK = AQ nén HA 1a tia phan giac cua goc KHQ
suy ra AHQ =45° = AHC =90° +45° =135° = AKB =135°. Tur

AKB + BKH + AKH =360° = BKH =135°. Tam gidc AKH c6 KHA = 45° nén n6 vuong can tai
K= KA=KH . Xét hai tam giac BKA ca BKH c6 BK chung ;

BKA =BKH =135"; AK = KH = ABKA = ABKH (c.9.c)= KHB =MAK;AB=BH hay tam
gidc BAH céan tai B

Tacod KHB = MAK va KE // CAnén ACH = EHM (dong vi) vi ACH = MAK suyra

EHM = MHB nén HM Ia tia phan giadc cua EHB.

Dung phuong phép phén ching dé chiing minh hinh hoc:
Bai todn 23: Tam giac ABC c6 hai goc B va C nhon. K& AH L BC . Chimg minh ring
H nam gitra BC.
A , Gidi: ,

Ta thay H, B, C la ba diém phan biét . That vdy, néu H trung
v6i B hoidc C thi B=90° hoic C=90°. Trai véi gié tl}iét .
Trong ba diém phan bi¢t thi c6 mdt va chi mot diém nam gitra
5 ¢ hai diém kia. Gia st C ndm giita B va H thi ACH <90° suy ra

1 . ., e o N “~ N N

H BCA>90° trai véi gia thiét. Gia sir B nim giita C va H thi

ABH <90° suy ra CBA>90° trai voi gia thiét. Vay H nam giita B va C.

Bai todn 24 a) Tam giac ABC c6 B=60° va BC = % AB . Ching

minh C =90°
b) Tam gidc ABC cé B =60° va BC =2dm; AB = 3dm. Goi D 1a 5 -+
trung diém cua BC. Chiing minh rang AD = AC

Gidi:

a) Giasa C=90° Ké AH L BC thi H khong tring C nén AABH vudng tai H suy ra
BAH =30° nén BH :%AB. Theo gia thiét ta co6 BC :%AB nén BH=BCsuyraH
trung véi C mau thuan. Nén C =90°

b) Goi H 14 trung diém cua DC thi BH =1,5dm . Do d6 BH = % AB . Theo cau a)

AHB =90° nén AAHD = AAHC(c.g.c) suy ra AD = AC

Baj todn 25: Cho tam giac ABC déu, duong cao AH. Trén tia HD 1ay diém C sao cho HD =

HA. Trén nira mit phamg bo BD khong chira diém A vé tia Dx sao cho BDx=15". Dx cit AB
tai E. Chimg minh HD = HE
Gidi:
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Gia st HD > HE thi HED >15° (1) .Mait khac HD > HE nén HA > HE do d6 AEH > 30°
(2). Tir (1) va (2) BED >45° nén ABD = BED +BDE > 45° +15° =60°. Tral v4i gia thiét tam

giac ABC déu. Tuong tu gia st HD < HE ta ciing chimg minh duoc ABD < 60°, trai véi gia
thiet. Nén HD = HE (dpcm)

Bdj todn 26: Tam gidc ABC nhon , dudng cao AH, dudng trung tuyén BI, dudng phan
giac CK cat nhau tqi ba diém phér} biét D, E, F. Chirng minh tam
giac DEF khong thé 1a tam gidc déu

Gidi:
Gia sir tam giac DEF déu thi CFH =60° nén FCH =30° suy ra
ACF =30". Ta lai c6 CEI =60° suy ra BIC =90°. Tam giéc
ABC c6 Bl 1a trung tuyén cling la duong cao nén tam giac ABC
can tqi B. lai c6 ACB =60° nén tam giac ABC déu. DQ do AH, BI,
CK dong quy tirc 1a D, E, F trung nhau, trai v6i gia thi€t. Vay tam
gidc DEF khong thé 1a tam giac déu.

Bai todn 27 Tam gidc ABC c6 ba goc nhon, cic duong phan gidc AD, dudng trung
tuyén BM, va dudng cao CH dong quy. Chiing minh rang A > 45°
Gidi:
Gia sir A<45°. Trén tia Hx ldy diém E sao cho HE = HA thi AEC = EAC <45° = ACE >90°.

Ta chimg minh ACB > ACE nén trai v&i gia thiét tam giac ABC cac gbc nhon.
Thé‘g vay, ta chiing t6 B thudc tia Ex. Goi O 1a giao diém cuta céc’du(‘mg CH,BM,AD va
F la giao diém ctua EO va AC. X¢ét tam giac EAC ¢c6 EA > EC ( vi EA d6i dién v6i goc 16n hon)

ma FE 1a phan giac ciia goc CEA nén AF > FC suy ra AF > A_2C con M 1a trung diém cua AC

nén M nam giita A va F vi thé B thudc tia Ex. Do 46 ABC > ACE ma
ACE >90° = ACB >90°. Trai véi gia thiét nén A > 45°.

Bai todn 28 Cho tam gidc ABC ¢6 BC =2 AB. Goi M la trung diém ctia BC va D 1a
trung diém cua BM. Chung minh rang AC = 2AD
Giai:
Trén tia AD lay diém E sao cho AD =DE nén tacé ADB=EDM (d.d). A
DB = DM nén AABD = AEMD (c.g.c) suy ra AB = ME va ABD = DME

.ViAB=ME=MC = % nén MC = ME. Ta lai c6 AMC =B+ BAM (

gdc ngoai bang tong hai goc trong khong ké no ctia tam giac ABM) ma B D M C
ABD = DME va BAM = BMA (Do tam giac BAM can tai B). Suy ra

AMC = BME + BMA= AMC = AME . Vay AAME =AAMC (c.g.c). Suy

ra AC = AE =2AD (dpcm).

Bai todn 29.Cho tam gidc ABC vuong cén tai A va M la trung
diém cua BC. Trén tia BC lay diém D v6i D khac B va M. K¢é
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BK vuong goc voi AD tai K. Chuing minh KM 1a phan giac trong hodc phan giac ngoai cuia tam
giac BKD tai dinh K
Gidi:

Khi D trung véi C thi K trung véi A. Khi d6 AM L BC tai M nén két luan dang. Ttr M ta ha
MH 1L KB va Ml L KD nén MH L MI tai M va MH //KD. Do d6

AMI =90° —AMH =BMH va AMI =90°-BMI =BMH

Khi M nam ngoai doan BD. Do d6 ABMH = AAMI ( canh huyén, goc nhon). Suy ra MI = MH.
Do M céch déu hai doan thang KB va KD nén KM 1a phan giac ciia BKD.

Tinh s6"do cdc goc trong tam gidc
Baj todn 30. Tam giac ABC céan tai A c6 A=20°. Trén canh AB lay
diém D sao cho AD = BC. Tinh ACD ? D
Cach gidi 1: . ‘ 7
Vé tam giac BCE déu ( véi E nam cung phia véi A c6 bo dudng thang

090 E
BC) nén ECA= M—GOO —20°. Hay ECA=DAC = 20".

Xet tam gidc ADAC va AECA c6 DA = EC; ECA=DAC ; AC canh chung
nén ADAC = AECA (c.g.c) suy ra CAE = ACD ma AAEB = AAEC(c.c.c) nén
BAE = CAE =10°. Vay ACD =10°.

Cach gidi 2: ‘ 5, S
V& tam giac déu ADE ndm ngoai tam gidc ABC thi

“ .,
CAE =80°. Do d6 ACAE = AABC (c.g.c) nén CE =AC Tk el
ACE =BAC =20°. Nén AACD = AECD(c.c.C) suy ra TN K
s .
ACD = ECD =10° s
Cdch gidi 3: V& tam giac déu ACK ta chirng minh dugc tam L eTF

giac CDK can tai K (vi KAD = 80°, KA = AB; AD = BC nén
AKAD = AABC (c.g.c) suy raKD = AC = KC ) nén .
DKC = AKC — AKD = 60° — 20° = 40° suy ra B [c
KCD = (180° — DKC):2 = (180° - 40°): 2 = 70° = DCA =70° —60° =10°

Cach gidi 4. V& tam gidc déu FAB véi F va C cing phia di voi AB. Nén tam giac AFC can tai
A Tinh duoc FAC =40° nén

0400
AFC = % =70° = BFC =10° = CBF =20° = AADC = ABCF (C.g.C): ACD = BFC =10°

Chay : Néu gia thiét cho ACD =10° thi AD = BC ta xét ADAC = AECA (c.g.c).
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Bai todn 31 Cho tam gidc ABC can c6 B =C =50°. Goi K 1a diém trong tam giac sao
cho KBC =10°; KCB =30°. Chung minh rang tam giac ABK cén va tinh -
BAK ?
‘ Gidi: ‘ 7

Dung tam gidc déu EBC c6 dinh E va A cung nadm trén m0t nra mat phang co6
b 1a BC. Nén AEAB = AEAC(c.cc) Do B=C =50 nén
EBA=ECA=60°-50° =10° va EA 1a phan giac cta

BEC = BEA=CEA=30°. Do d6 AEBA=ACBK (g.c.g) nén AB = BK hay
tam giac BAK can tai B.

BAK = (180° ~ ABK ): 2= (180° - 40°):2 = 70",

~ Baitodn 32: Tinh cac goc cua tam gidc ABC can tai A biét rang trén canh AB
lay diém D sao cho AD = DC = BC. 5
Gidi:
bat A=x thi ACD=x.Do d6 BDC =2x ; B=2x matam giac ABC c6
A+B+C =180° nén x+2x+2x=180° < 5x=180° < x=36". Vay x= A=36".

Nén B=C :(1800—360):2:720.

Baj togn 33: Tam giac ABC c6 B =60°;C =30°. Ly diém D trén canh AC. Piém E

trén canh AB sao cho ABD =20° ; ACE =10°. Goi K 1a giao diém ctia BD va CE. Tinh cac goc
cua tam giac KDE.

Giai:
B Tam giac ABC c6 B=60C =30° suyra A=90°. Do
d6 CEA=90°-10°=80°; BDA=90°—20" =70°;

K4 E

m
D A

CKB = DKE =180° —(KCB +CBK) =180° — (20° +40°) =120° . Goi I 1a giao diém cua hai

duong phan gidc cua cac goc BCK; KBC nén CKI = BKI =60°. Do d6
KEA = BKE + KBE <> BKE = KEA—-KBE =80° —20° =60° nén

AIKB = AEKB(g.C.g) suy ra KI = KE. Tuong tu ta chitng minh dugc AIKC = ADKC (g.c.g)
suy ra KI = KD. Do d6 KD = KE. Tam gidc KDE cén tai K suy ra
KDE = KED = (180° —120°): 2 =30°.

Bai todn 34: Cho tam giac ABC goc A= 90° va cac goc B, C nhon,
duong cao AH vé diém D va E sao cho AB la duong trung truc cia HD ,
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AC la duong trung tryc cua HE. Goi [, K theo tha tu 1a giao diém cua DE vé6i AB va AC. Tinh
cac géc AIC va AKB
Giai:
Truong hop A <90°Thi IB va KC 1a hai phan giac ngoai cta tam giac IHK. Do d6 HA 1a
phan gi4c trong . Do AHC =90° nén HC 14 phan gi4c ngoai tai dinh H. Cac phan gidc ngoai cit
nhau tai C nén IC 1a phan giac ctia goc HIK . Do d6 | P

0
BIH +HIC =180

=90° = BIC =90° hay AIC =90°.

Chung minh tuong tu ta cling c6 BK 1. KC ( phéan
giac trong KB va phan giac ngoai tai goc K) nén AKB =90°.

Truong hop A>90°. Tam giac HIK c¢6 KC, IB la cac _
tia phan giac trong géc HKI,HIK va KB, IC lacactiaphan E H
giac ngoai HKI, HIK nén AIC = AKB =90°

Bai toan 35: Cho tam giac ABC c6 AH 1a duong cao, phan gidc BD va AHD =45°. Néu

cach vé hinh va tinh ADB
Giai:

*) V& tam giac BHD sao cho BHD =135°, v& duong thang
vuodng goc voi BH tai H. v€ tia Bx sao cho HBD = DBx cit
duong thang vira v€ tai diém A. Hai tia AD va BH cat nhau tai
C, ta duoc hinh thoa man dé can vé.
Xét AABH taco B X

HAX = ABH + AHB = ABH +90° = 2ABD +90° ( Do BD la tia H

phan gidc cua goc B). Ta lai c6 HAx =2CAx (vi tia BD la phan giac trong va tia HD la phan
gidc ngoai cdt nhau tai D nén AD la phan gidc ngoai cta tam giac BHA). Vay

2ABD +90°=2CAx <> ABD +45°=CAx (1). Mit khac, trong tam giac ABD ¢6
CAx=ABD + ADB(Z) (dinh 1y goc ngoai cua tam giac ABD). Tu (1) va (2) suy ra

ABD +45°= ABD + ADB < ADB = 45°

Baj todn 36: Cho tam giac ABC c6 K 1a giao diém ciia cac dwong phén giac, O 13 giao
diém cac duong trung truc, BC 1a duong trung tryc cua OK. Tinh cac gboc cua tam gidc ABC.
Do O 1a giao diém cia cac dudng trung truc cta tam giac ABC nén

OB = OC. Suy ra AOBC cén tai O suy ra OBC = OCB, Ma BC I A

dudng trung tryc cua OK nén

BO =BK ; OC = CK . Do d6 OBC = KBC;OCB = BCK . K Ia giao

diém cac duong phan giac nén B » C
OBC = KBC = KBA=0CB = BCK = KCA= . Ta lai ¢6 OA = OB

nén OBA =0AB va CA = OC nén OCA=0AC . Do d6, o

BAC = BAO + OAC = ABO+OCA=3a +3a =6a ma AABC cé
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BAC + ABC + BCA=180° <> 2ar + 6 + 2 =180° <> 10 =180° <> o =18°.
Vay ABC = BCA=36";BAC =108"°.

Bai toan 37 Cho tam giac ABC ¢6 B =60°;C =45°. Trong géc ABC v& tia Bx sao cho

XBC =15°. Puong vudng goc voi BA tai A cit Bx tai L. Tinh ICB.
Gidi:

Trén canh BC ldy diém K sao cho AB = BK nén tam giac ABK can tai B
c6 B =60° nén tam giac ABK déu . Do d6 KB = KA. Ta lai ¢6 tam giac
ABI vudng tai A ma ABI = ABC — IBC =60° —15° = 45° nén tam giac
ABI vudng cn tai A suy ra AB=AK = Al. Do B =60",C =45° nén
A=75". Nén KAC = BAC - BAK =75°-60° =15°;
CAl =90° — A=90° —-75° =15°. Do d6
AAKC = AAIC (c.g.c) = ACK = ACI =45° = ICB = ACK + ACI =90°. V4y ICB =90’

Bai todn 38. Cho tam giac ABC c6 B =75";C =45° . Trén canh BC lay diém D
sao cho BAD = 45°. Pudng vudng goc vai DC tai C cit tia phan gidc cua
ADC tai E. Tinh CBE.

Giai:
Tacd B=75"C =45" va BAD =45° suy ra BDA=60° nén

ADC =120° ma DE 1a phan gidc cia ADC nén ADE =EDC =60°. Ta
lai c6 CE la phan giac trong cia ADCE va DA la phan giac ngoai cua

EDC cit nhau tai A nén EA 1a phan giac ngoai tai E.
ADCE vuéng tai C ¢6 EDC =60° = DEC =30°. Do d6
AED = (180° - DEC) :2=(180°~30°):2=75" (do EA la phén giac ngoai tai E) suy ra

DAE =45°. Do d6 AABD = AADE (g.c.g ) = BD =ED nén tam giac BDE can tai D nén ta c6
EBD = (180° -120°):2 =30°.

Bai todn 39:Cho tam giac ABC, v& vé phia ngoai tam gidc dy cac tam gidc déu ABE;
ACEF. Goi I 1a trung diém cua BC, H 1a tryc tdm cua tam giac ABE.
Tinh cac goéc cud tam gidc FIH.

Gidi:

Trén tia d6i cua tia IH ldy diém K sao cho IH = IK. Goi BAC =« thi
HAF =60°+30° + & =90° + (1) (Vi AACF déunén FAC =60 va
tam giac EAB déu c6 H 14 tryc tim nén HAB =30° néu 0 < o <90°).
Ta lai c6: ABIH =ACIK (c.g.c) nén suy ra KCI = HBI = ABC +30°
nén ACB =180° —(ABC + a) .
Do do:
KCI +BCA+ ACF = ABC +30°+180° —(ABC +a)+ 60° =270° — o
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KCF = 360" —(KCI +BCA+ ACF): 360° - (270° - ) =90° +a (2). Tir (1) v (2) suyra

HAF = KCF .Nén AAHF = ACKF (c.g.c)= HF =KF; AFH =CFK = HFK = 60°
do d6 tam giac HFK déu suy ra tam giac HFI Ia nira tam giac déu canh HF. Cac goc cta tam
giac HFI ¢6 s6 do 1a: HIF =90%; IHF =60°; HFI =30°.

Baj todn 40. Cho tam giac ABC cn tai A c6 BAC =20°. Trén nira mit phang
khong chira B ¢6 bd AC v& tia Cx sao cho ACx = 60°, trén tia 4y ldy diém D sao cho
AB =CD. Tinh ADC.

Gidi:
Trén nira mit phing chira B ¢6 bd AC v& tia Cy sao cho ACy =60°. Tia nay cit AB
tai E. Do tam giac ABC cén tai A c6 BAC =20° nén B=C =(180° —20°):2=80°.
Trong tam giac BCE c6 B =80°. G6c BEC 1a goc ngoai ciia tam giac AEC nén ta c6
BEC = A+ ECA=20°+60° =80°. Nén tam giac CEB can tai C suy ra CE = CB. Tir d6 ta c6
AAEC = AADC (c.g.c)= AEC = ADC =180" -80° =100°

Baj todn 41: Cho tam giac ABC vudng can tai A. Piém E
nam trong tam giac sao cho tam giac EAC can tai E va c6 goc ¢ day

15°. Tinh géc BEA.

E D

B C

Gidi:

Cach giai 1: V& tam giac ddu ACD.
Ta c6 tam giac EAC can tai E nén EAC = ACE =15° nén
BAE =90° -15° = 75°.
Xét ABAE va ADAE c6 AB = AD = AC; BAE = DAE =75°;
AE canh chung. Nén ABAE = ADAE (c.g.c)= AEB = AED. Do E
AD = AC va EA = EC nén ED la duong trung truc ctia AC. Pong thoi AE 1a phan gidc ciia
AEC 180° —2.15

2 2

Céch giai 2: V& tam giac déu EAK nam ngoai tam giac AEC. Ta duogc

AABK = AACE (c.g.c) va AABK = ABEK (c.g.c)= BEA=BEK + KEA=15" +60° = 75°

AEC nén AED = =75°

Baj todn 42: Cho tam giac ABC can tai A c6 A=100°. Piém M
nam trong tam gidc ABC sao cho MBC =10°; MCB = 20°. Tinh AMB .
Giai:
0 0
Tam giac ABC can tai A nén ACB = w =40° ma
MBC = 290 = MCA=20° nén CM la tia phan giac cia BCA. Trén tia
CA lay diém E sao cho CB = CE nén
AMCB = AMCE (c.g.c)= ME = MB va

EMC = BMC =180° —30° =150° = EMB = 360° — 2.BMC = 360° —300° = 60°. Do d6 tam giac
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BME déu suy ra BM =BE. Ta c6: EAB+ AEM =80° +10° =90°nén AB L ME suy ra BA la
phan giac ciia goc MBE = EBA= MBA=60°:2=30° nén
AABM = AABE (c.g.c)= BEA= AMB =60° +10° = 70°,

Baj todn 43: Cho tam giac can tai A c6 A=80°. Trén canh BC ldy diém D sao cho
CAD =30°. Trén canh AC lay diém E sao cho EBA=30°. Goi I 1a giao

diém ctua AD va BE. Ching minh rang tam giac IDE can va tinh cac goc A
cua no.
Giai: E
Ta c6 tam giac ABC can tai A c6 A=80° nén B=C =50° ma
CAD =30° nén BAD = A— DAC =80"—30" =50". Khi d6 ADBA can
tai D suy ra AD = BD. Trén BI lay diém K sao cho BAK =10° nén B D C
BEA=180° — (BAE + EBA) =180° — (80° +30°) = 70° (1)
KAE = ABC - BAK =80° -10° = 70° 2

Tur (1) va (2) suy ra AKAE can tai K nén KA = KE. Ta ciing chirng minh dugc tam giac AkD
can tai Anén AK=AD . Do do AD=KE. (3)

Mit khac, KAI = AKI =40° = AIKA can tai I nén IA = IK (4). Tir (3) va (4) suy ra IE = ID nén
tam giac IED can tai I. AIK = DIE = (1800 — 2|AK) =180° —80° =100°.

0_ 1000
IDE=IED=M=4OO.

Bai todn 44 Cho tam giac ABC can tai A co6 A=20", cac diém M,N theo tht tu thudc
cac canh bén AB, AC sao cho BCM =50°; CBN =60°. Tinh MNA
Trén canh AB lay diém D sao cho AN = AD thi DN/BCva AND =80°. Tatinh
DNM . 7 )
Goi I 1a giao diém cua BN va CD thi cac tam giac IBC va IDN la céc tam giac déu vi
IBC =60° va tam gidc ABC can tai A. Ta ching minh MN 1a tia phan giac cua
DNB .That vay, Trong tam gidc BDC c6
MDI = BDC =180° —(DBC + DCB) —180—(80° +60°) = 40° (1)

Trong tam giac BMC ¢6 MBC =80°; MCB =50° = BMC =50° = ABMC cén tai B.
Do d¢6 BM = BC ma tam giac BIC déu nén IB = BC suy ra MB = BI hay tam giac BMI
180° —20°

can tai Bma MBI =20° = BIM = =80°. Do d6

MID =180° —(M|B+D|N)=180°—(80°+60°)=40° (2) Tir (1) va (2) suy ra MDI = DIM nén
AMDI can tai M. Suy ra MD = ML. Ta lai c6 NI = ND nén MN la duong trung truc cta DI suy

0
ra MN la phan giac cia DNB hay DNM :¥2%23OO'
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Vay MNA = MND + DNA =30° +80° =110°

Bai todn 45: Biém M nim bén trong tam gidc ABC vudng can tai B sao cho

KA: MB: MC =1:2: 3. Tinh AMB
Giai: )

Ve tam giac MBK vudng can tai B ( K va A nam cung phia doi véi BM).
bat MA = a; MB = 2a; MC = 3a. Khi d6 ta co AB=BC; MBC = ABK ;
BM = BK nén AABK = ACBM (c.g.c) suy raCM = KA = 3a. Xét tam
gidc vuong MBK vuong tai B ta ¢
MK? = MB? + MK? = (2a)’ +(2a)’ = 8a

Xét tam gidc AMB c6 AM? + MK? =a” +8a =92’ =(3a)" = AK?

( vi AK = MC) nén tam giac KMA vuong tai M. Viy AMB = AMK + KMB = 90° +45° =135°

Baj todn 46: Néu a, b, ¢ 1a d6 dai ba canh ctia mot tam giac thoa mén diéu kién
a’ +b? >5¢? thi c 1a d6 dai canh nho nhét.
Giai:
Giasit c>a thic+c>a+c>b=2c>b=4c’>b’ vac>a=c’>a’ néntacd
5¢? > a’ +b? trai voi gia thiét
Giasit c>b thi c+c>b+c>a=2c>a=4c’*>a’vac>b=c*>b’ néntaco
5¢? > a’ +b? trai voi gia thiét. Vay c 1a d6 dai nho nhat trong tam giac.
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